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Abstract

Objective: To generalize the a-skew McCoy rings. Methods: For a ring endomorphism a, we call a ring R Central a-skew
McCoy if for each pair of nonzero polynomials f(x)= Zn Oaixi and g(x)= Zm Objxj €R[x;a] satisfy f{x)g(x) = 0, then there
i= j=

exists a nonzero element r € R with aa/(r) € C(R). Findings: For a ring R, we show that if a(e) = e for each idempotente e
R, then R is Central a-skew McCoy if and only if eR is Central a-skew McCoy if and only if (1 - e)R is Central a-skew McCoy.
Also, we prove that if a* = I, for some positive integer ¢, R is Central a-skew McCoy if and only if the polynomial ring R[x] is
Central a-skew McCoy if and only if the Laurent polynomial ring R[x, x"'] is Central a-skew McCoy. Moreover, we give some
examples to show that if R is Central a-skew McCoy, then T (R) is not necessary Central a-skew McCoy, but D (R) and V (R)
are Central a-skew McCoy, where D (R) and V (R) are the subrings of the triangular matrices with constant main diagonal
and constant main diagonals, respectively.

Keywords: Central a-skew McCoy Ring, McCoy Ring, Ore Extension,-skew McCoy ring, [ Triangular Matrix Ring, Skew
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1. Introduction

Throughout this paper, R denotes an associative ring with
identity and a is a ring endomorphism. We denote R[x;
a] the Ore extension whose elements are the polynomials

zn Oaixi, a, € R, where the addition is defined as usual
=

and the multiplication subject to the relation xa = a(a)x
for any a € R. For notation T (R), S (R), R[x], C[R] and
e, denote, its upper triangular matrix ring, its diagonal
matrix ring, polynomial ring over R, the center of a ring R
and the matrix with (i, j)-entry 1 and elsewhere 0, respec-
tively. A ring R is Armendariz' if whenever polynomials
f(x)=27:0aixi and g(x)=z;n:0bjxj €R[x] satisfy
f(x)g(x) = 0 then ap, = 0 for all i and j. Agaye* called a
ring R Central Armendariz if whenever polynomials
f@=Y" ax' and g(x)= 2’;0 b,x) R[x] satisfy f(x)
g(x) = 0,then ab € C(R) for all i and j. They showed that
the class of central Armendariz rings lies precisely between
classes of Armendariz rings and abelian rings (that is,
its idempotents belong to C(R). Let a be an endomor-

phism of a ring R. According to? a ring R is called a-skew
Armendariz if flx)g(x) = 0, such that f(x)= Z . a,.x"and

*Author for correspondence

jglx)= z;n:objxj €R[x;a] implies that aia"(bj) = 0 for
all 4, j. Rege -Chhawchharia' called a noncommutative
ring R right McCoy if whenever nonzero polynomials
fo=3"" ax'and gx)= Ziobjxj eR[x] satisfy
flx)g(x) = 0, there exists nonzero elements r € R such
that ar = 0. Left McCoy rings are defined similarly. A
ring is McCoy if it is both left and right McCoy. Clearly,
Armendariz rings are McCoy. So far McCoy rings are
generalized in several forms*'’. In° Basser, Kwak and
Lee called a ring R, a-skew McCoy ring with respect to
a if for any nonzero polynomials f (x)=Z:,_0 aixi and

g(x)= zm bjxj eR[x;a] satisfy flx)g(x) = 0 implies
j=0
a0/(s) = 0 for some nonzero s € R.
Motivated by the above results, for an endomorphism
a of a ring R, we call a ring R Central a-skew McCoy if
for each pair of nonzero polynomials f(x)= z:;oaixi

and g(x)= Z;ﬂ:objxj €R[x;a] satisfy flx)g(x) = 0, then

there exists a nonzero element r € R with aa'(r) € C(R).
Clearly, all commutative rings, a-skew McCoy rings and
a -skew Armendariz rings are Central a-skew McCoy.
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2. Central a-skew McCoy Rings
We start this section by the following definition:

Definition 2.1. Let a be an endomorphism of a ring R.
The ring R is called a Central a-skew McCo ring if for
each pair of nonzero polynomials f(x)= i:Oaix’ and

glx)= zm:() b ].xj €R[x;a] satisfy f(x)g(x) = 0, then there
exists a nozlzero element r € R with aa'(r) € C(R) .

It is clear that a-skew McCoy rings are Central a-skew
McCoy, but the converse is not always true by the follow-
ing example.

Example 2.2. Let R and R, be any commutative rings.
Suppose R = R, @ R, with the usual addition and multi-
plication. Let @ : R — R be an endomorphism defined by
a((a, b)) = (b, a), then for f(x) = (1,0) - (1,0)x and g(x) =
(0,1) + (0,1)x in R[x; a], flx)g(x) = 0, but if there exists
(r,,7r,) € R$ such that (0,1)(r,r,) = 0 and (0,1)x(r,,r,) =0,
then we have r, = 7, = 0. Therefore R is not a-skew McCoy.
But R is Central a-skew McCoy, since R is commutative.

Example 2.3. Let K be a field and K(x, y, z) be the free
algebra with noncommuting indeterminates x, y, z over
K. Set R be the factor ring of K(x, y, z) with relations

x2=yx=x,y2=xy=y,zz=0,zx=xz=yz=zy=z

We coincide {x, y, z} with their images in R, for sim-
plicity. Consider the subring of R generated by {a, x, y, z|a
€ K}, say S. Then every element of S is of the form, a, +
ax + ay + az with a’s in the field K. Let a:S — S be an
endomorphism defined by a(a, + ax + a,y +a,2) = a, +
a,y +ax + a,z. By the construction of S, we have (x + yt*)
((1=x)+ (1 - y)t) =0while (x+ yt*) and (1 - x) + (1 - )
t are nonzero polynomials over S. Assume there exists a,
+ax+ay+azeRsuchthatx(a +ax+ay+az)=0
and yo’(a, + ax) =0. Thena =a,=a,=a,=0. Thus Sis
not a-skew McCoy.

Next we show that S is Central a-skew McCoy. Let

ft)= ijo(ah. +ayx+ay,y+a,zt and g(t)= ZT:O
(b +b,x+by;y+b, 2
be nonzero in S[t] with f(#)g(t) = 0. Then

(a,; +a,x+ayy+ay,z)a(z) = (a,; +a, +ay;)z €C(S)
since

(a,; +ay; +ay)z(a, +a,x +azy+a,z)=(a; +ay, +ay)(a, +a, +a;)z

=(a,+a,x+a,y+a,z)(a; +a, +ay)z

foreach (a, +ax+ay+az)e S
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Now we turn our attention to study some extensions
of Central a-skew McCoy rings.

Let R be a ring, where k € Z, a, an endomorphism of
R,. Let R= ersz and (®, _ R,, 1,) be the subring of
R generated by ®, _ R, and {1,}. Then the map a: R — R
defined by a((a,)) = (@, (a;)) is an endomorphism of R.

Proposition 2.4. Let R, be a ring with a endomorphism a,,
where ke Z. Then R, is Central a, -skew McCoy for each k
€ Zifand only if R= erz R, is Central a-skew McCoy
ifand only if (®, _ R,, 1,) is Central a-skew McCoy.
Proof. Let each R, be Central a,-skew McCoy and

f(x)=2?=0aixi, g(x)zz;iobjxj eR[x;a] \{0} such

that f(x)g(x) = 0, where g, :(afk)), bj :(b;k)). If there
exists t € Z such that a = 0 for each 0 < i < m, then we
have aa'(c) = 0 € C(R) where ¢ = (0,0, ..., 1,, 0, ...,0).
Now, suppose for each k € Z, there exists 0 < i, < m such

<i <
that afkk) #0. Since g(x) # 0, there exists t € Z and 0 <

i ® - N L0
J, < n such thatb,” #0. Consider f,(x) = zi=0ai x' and

_NV 0, . _
g (x)= ijobj x! €R,[x;4,]\{0}. We have f(x)g (x) = 0.
Thus there exists nonzero ¢, € R, such that a’a'(c) € C(R),
for each 0 <i<m, since R, is Central a,-skew McCoy ring.
Therefore aa'(c) € C(R), for each 0 < i < m, where ¢ =
0, ...,0,¢,0,...,0) and so R is Central a-skew McCoy.
Conversely, suppose R is Central a-skew McCoy and ¢

€ Z. Let and f(x)=zi:0aixi and g(x)=zj:0bjxj be
nonzero polynomials in R [x;a ] such that f{x)g(x) = 0. Let
F(x)= Zizo(0,...,0,ai,0,...,0)x ,
G(x)= Zj:O(O,...,O,bj,O,...,O)xJ eR[x; a}

Hence F(x)G(x) = 0 and so there exists 0 # ¢ = (¢,
Cpoes €5 CpCpps --s C s € ) suchthat (0, ..., 0,a,0, ...,
0)a'(c) € C(R). Therefore, a'a/(c) € C(R) and so R, is
Central a,-skew McCoy. By a similar way, one can prove
that (®, _R,,1,) is Central a-skew McCoy if and only if
each R is Central a -skew McCoy.

Corollary 2.5. Let D be a ring and C a subring of Dwith
1,€ C. Let

R(C,D)={(d,..d,.c.c...) |d, €D c eC,n>1]

with addition and multiplication defined component-
wise, R(D, C) is a ring. Let a be an endomorphism of
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Dsuch that a(C)  C. Then the map a: R — R defined by
2((C,D)) = (a(C), a(D)) is an endomorphism of R. Then D
is Central a-skew McCoy if and only if R(D, C) is Central
a -skew McCoy.

Proposition 2.6. Let a be an endomorphism of a ring R.
Let S be a ring and ¢:R — S an isomorphism. Then R is
central a-skew McCoy if and only if S is central pagp™-
skew McCoy.

Proof . Let o = gag™. Clearly, o is an endomor-
phism of S. Suppose that ¢’ = ¢(a), for a € R. Note
that ¢(ad(b) = a’p(a'(b) for all a, b € R. Also and

f(x)ZZ:l:Oaixi, g(x)=2j1:0bjxj be nonzero poly-
nomials in R[x:a] if and only if f'(x)= Z:;Oai’xi ,
g'(x)= z;io b]ij be nonzero polynomials in S[x;a’].
On the other hand flx)g(x) = 0 in R[x;a] if and only if
f(x)g’(x) =0 in S[x;a’]. Also since ¢ is an isomorphism,
a/(pag) c' = ajpd ¢ (c') = ¥a,)9d (c) = Pla,d (c)) €C(S) if
and onlyifaa'(c) € C(R). Thus R is Central a-skew McCoy

if and only if S is Central pag™-skew McCoy.

The following example shows that, if R is Central
a-skew McCoy, then T,(R) is not necessary Central
a -skew McCoy.

Example 2.7. Let R be a commutative ring and
a:T,(R)—>T,(R) be an endomorphism defined by
a(Pyey, + Byey, + Ppeyy) = Pe — Byey, + Py, . Let f(x)
=e, + (e, te,)xgx)=-e,+(e,+e)xe (T,(R)[xa].
Then f(x)g(x) = 0 . If T (R) is central g -skew McCoy, then
there exists P = P e, + P e, + P, e, € T,(R) such that
e, P, (e, +e,)a(P) eC(T,(R)). Therefore (P, e + P e )

11711 12712
e,=e (P, +P..)andsoP =0.

Also (P, e, + P e )e,=e, (P e, +P,e,)andso P,

11711 12712 11711 12712

=0.On the other hand, (e, +e,,)a(P)= P,e,, €C(T,(R))
implies (P, e ,)e,, = e, (P,e,) and so P, = 0. Therefore
T,(R) is not Central @-skew McCoy. But R is Central
a-skew McCoy (for any endomorphism a:R — R), since
R is commutative.

Letabeendomorphism ofaring R. The endomorphism
a of Ris extended to the endomorphism @: T,(R) - T ,(R)

defined by 5((aij )= (a(aij ).

Theorem 2.8. Let a be an endomorphism of a ring R.
Then R is Central a-skew McCoy if and only if one of the
following holds:
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(a A Gy “1n\
0 a ay; - aq
1) D,®={ [0 0 a - a

n

. |a,aijeR is

0 0 0 0 a
Central ¢ -skew McCoy for any n > 1.

a a, a, a, - a,
0 a a a n-1
0 0 a a, - a,_
(2) Vn(R): . . :1 .2 -2 alaaza"'a
)
4
Rixa. _
a,eR r= ) is Central @-skew McCoy for any n
x

> 1, where (x") is a two- sided ideal of R[x;a] gener-
ated by x".

q
Proof. (1) Let F(x)= Zio Aixi , G(x)= ZBjxj €D, (R)

j=0
[x; a] where,

(ai a, “in\ (bj by - bljn\
O I B R
Then

(£ fo® - f,0) (800 800 g ()
Fs)= 0 f(:x> -fz,,:<x) . G- 0 g<:x> -gz»«:(@

0 0 - fx) 0 0 - gl

P i _ P . q
Where f(x)= zizoaix (X)) = Zizo ayx', g(x)= ZFO
. q i
b].xJ and g, (x) = ijob]{,xf foranyk=1,2,...,n,1=2,
3,...,nand k < . Suppose F(x)G(x) = 0, and F(x)G(x) # 0.
Set H(x) = F(x)G(x) = (hpq(x)) forp,q=1,2, ..., n.

CASE 1. Iff(x) #0, g(x) #0, then h , (x) = f(x)g(x) = 0. Since
Ris Central a-skew McCoy there exists r € R\{0} such that
ad'(r) € C(R). Let A =rE, . Then A;a'(A) eC(D,(R)).

CASE 2. If f(x) # 0 and g(x) # 0, then there exists g, (x)
# 0, such that g(km)l(x) =0 forsomek,[,and1<u<n-
k, since G(x) # 0. So h,(x) = flx)g (x) = 0. Hence there
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exists r€ R\{0} such thataa'(r) € C(R). Let A=rE, . Then
A,@ (A) eC(D,(R)).

CASE 3. If f{x) = 0, then clearly Atﬁi (A)=0,where A = E .

Thus D (R) is Central  -skew McCoy.
Conversely, assume that flx)g(x) = 0, where
flx)= Z:‘:Oaixi, glx)= Z’]ﬂ:o b]-xj are nonzero polyno-

mial of R[x;a]. Let F(x)= Zn 0Aixi, G(x)= Zm 0Bjxj,
i= j=

where
(“i a - ai\ (bj bj e bj\
0 a - a 0 b. - b.
A=. . ', B=l. " !
! E Lo ] Do .o
0O 0 - a. o 0 --- b

foranyi=0,1,2,...,n,j=0,1,2, ..., m. Then

L
(.) 0 f('x) 0 0 g(.x)
(S S, e Sln\
0 s

s
Hence there exists A= 2:” eD, (R)\{0}

0 0 - s
such that Aiﬁi(A) €C(D,(R)), since D (R) is Central
a-skew McCoy. If $ # 0, then aa'(s) € C(R). If S = 0, then
there exists §, # 0 for some i, j, such that §, .= 0 for any 1
<y <n-i. We also have aia"(sij) € C(R). Thus, R is Central
a-skew McCoy.
(2) The proof is similar to (1).

Theorem 2.8. Let a be an endomorphism of a ring R and
a' = I for some positive integer ¢. Then R is Central a-skew
McCoy if and only if R[x] is Central a-skew McCoy.

Proof. Assume that R is Central a-skew McCoy. Let
R[x][y;a] denote the polynomial ring with an inde-
terminate y over R[x]. Suppose that p(y) = f + fy + ...

+fmy’”, qly) = & tgy+...+tgye R[x][y;a] and p(y)
qy) = 0. We also let f,=a,+ax++a, x" and

g =bj0+bj1x+--~+ij‘xvffor each0<i<mand0<;<
J
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m , where aio,---,aiwi,bjo,”-,ijj €R. We claim that there

exists c € R[x] such that fa'(c) € C(R[x]), forall 0 <i<m,
0 <j < n. Take a positive integer k such that k > deg(f (x))
+ ...+ deg(f, (x)) + deg(g,(x)) + ... + deg(g (x)), where
the degree is as polynomials in R[x] and the degree of
zero polynomial is taken to be 0. Since p(y)gq(y) = 0 in
R[x][y;a], we have

Jo(x¥)g(x)=0

W Fo(x)g,(x)+ f,(x)a(g,(x)) =0

fu()d"(g,(x))=0
in R[x]. Now put

f(x):fo(xt)‘i*fl(xr)xtkﬂ+f2(xt)X2tk+2+"'+fm(xt)xmtk+m

2
@ g(x):go(xt)+gl(xt)xtk“+g2(xt)x2tk+2

ntk+n

et g (x)x
Note that a’ = I,. Then

F)gx) = fi(x")go (x)+(f, (x)g, (x") + f(x a(gy (x')))x™

+...+fm(xt)am(gn(xt))xmm(tkﬂ)

in R[x;a]. Using (1) and o' = I,, we have f(x)g(x) = 0 in
R[x;a]. In the other hand, from (2) we have

Fg(x) = (ag, +ag,x" +--+a,,, X" a o a T

th+wt+1 mtk+m mtk+t+m

mtk+w,,t+m
o a, X +a,,X )

a,, x +ota,, x

th+t+1

L AL

t Vot
(byy + by x +"'+h0v0x "+ by x

ntk+n ntk+t+n ntk+vnt+n) 0

by, %" b ™ b x +-4b,, x =
Since R is Central a-skew McCoy and a' =1 o SO there
exists ¢ € R such that a_a'(c) € C(R) for each 0 <i<m
andue {0, 1,..., w}. Since C(R) is closed under addition,
we have f(x)a’ (c) € C(R[x]) for every 0 < i < m. Now it
is easy to see that f(x)a’ (c) € C(R[x]), and hence R[x] is
Central a-skew McCoy.
Conversely, supposethat R[x] is Central a-skew McCoy.
n

Let f(x)g(x) = 0 for nonzero polynomial f(x)= Z ax

=1 1

i

and g(x)= Z;n:lbjxj € R[x;a]. Suppose f(t) and g(¢) is

constant polynomial in R[x][ta] such that f()g(t) =
0. Then there exists 0 # c(x) = ¢, + ¢, x + ... + ¢x* R[x]
such that f(t)a'(c(x)) € C(R[x]). So aa'(c(x)) € C(R[x]).
Since c(x) is a nonzero element, then at least one of the
¢;s is nonzero element, for example ¢, So aa'(c) € C(R).
Therefore R is Central a-skew McCoy.
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Proposition 2.10. Let R be a ring and e a central idem-
potent element of R and a be an endomorphism of a ring
R with a(e) = e$. Then R is Central a-skew McCoy ring if
and only if eR is Central a-skew McCoy ring if and only if
(1 - e)R is Central a-skew McCoy.

Proof. Assume that R is Central a-skew McCoy ring
and consider f(x)= Zi:o ea,x', g(x)= ijo ebjx]
€eR[x; a] \{0} < R such that f{x)g(x) = 0. Since R is Central

a-skew McCoy ring, there exists s € R such that (ea)a(s)
€ C(R). So (ea,)a/(s)r=r(ea)d(s), for any r € R. Therefore

((ea;)d (es))(er) = (er)((ea;)d (es)) .So (ea;)d (es) €C(eR).
Hence eR is Central a-skew McCoy. Similarly, we prove
that (1 - e)R is Central a-skew McCoy ring.

Conversely, assume that eR is Central a-skew
McCoy ring. Consider f(x)= z:;oaixi, glx)=
Z;n:objxj €R[x;a]\{0} such that f{x)g(x) = 0. Clearly,
ef (x),eg(x) €eR[x;a] and (ef (x))(eg(x)) = ezf(x)g(x) =
ef (x)g(x) =0, since e is a central idempotent element of
R. Then there exists s € R such that (ea,)d (s) eC(eR).
So (eai)ai(s)erzer(ea,)ai (s), for any r € R. Therefore
(aidi(s))f’Z T(a,-ai (s)). So aiai(s) eC(R). Hence, R is

Central a-skew McCoy. Similarly, this fact is satisfied if
(1 - e)R is Central a-skew McCoy ring.

Let S denote a multiplicatively closed subset of a ring
R consisting of central regular elements. Let RS™ be the
localization of R at S. Then we have:

Proposition 2.11. Let a be an automorphism of a ring R.
If R is Central a-skew McCoy, then RS™ is Central a-skew
McCoy.

Proof. Suppose that R is Central a-skew McCoy ring.
Let (=2 (a/s)x,  g@=3" (b /d)x’
€RS'[x;a] and flx)g(x) = 0. Let a5, =c 'a and
bjd].’l = d’lb]’, with ¢, d regular elements in R. Then we have
(a} +---+a,;x")d*1(b(; +---+b) x™)=0. We know that for
each element f(x) eRS™'[x;a] there exists a regular ele-

ment C € R such that f (x)=h(x)c", for some h(x) €
R[x;a], or equivalently, flx)c € R[x;a] . Therefore there

exist a regular element ein Rand (b)'++--+b/x") eR[x;a],
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such that (b +---+b/ x™) = (b)++--+b/x")e”" . Hence

(af+--+ax")(b)+--+bx')=0. Since R is Central
a-skew McCoy, then there exists r € R such that
a,.’ai (r) eC(R) for all i. Therefore ca;s; 'd (r) eC(R). Since

c is regular element of R, a;s; Ya(r) are central in RS™ for
all i.

Corollary 2.12. Let R be a ring and a an automor-
phism of R, such that a' =1 R for some positive integer f,
then the following are equivalent:

1. Ris Central a-skew McCoy.
2. R[x] is Central a-skew McCoy.
3. R[x, x'] is Central a-skew McCoy.

Proof. Let S = {1, x, x% x°, x*, ...}. Then S is a mul-
tiplicatively closed subset of R[x] consisting of
central regular elements. Then the proof follows from
Proposition 2.11.

3. Conclusions

In this paper, we have defined a new class of rings called
Central a-skew McCoy and illustrated with some exam-
ples. Central a-skew McCoy rings are proper extension
of a-skew McCoy rings. Also, some related results have
been studied and proved. This particular class of ring is
not Morita Invariant.
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