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Abstract

Background/Objectives: Hilbert space has been studied in previous researches more than a century. In! introduced
fusion integral as an operator valued integral over a Hilbert space. Methods/Statistical Analysis: A generalized operator
valued integral over a Hilbert space is presented. Also we obtain results concerning composition a generalized operator
valued integral with a bounded objective operator on Hilbert space. Findings: Theory and definitions are developed
based on Generalized Operator Valued Integra and its findings include: 2000 Mathematics Subject Classification. Primary:
42C15; Secondary 46L30. The approaches and opinion of the operator valued integral case has validated and assisted to
the operator approach. Applications/Improvements: One of the problems in the development of frame theory has been
the using of an impressive structure for the subject, which is used in this paper.
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1. Introduction

The parameter H is considered as a Hilbert space and A
is the total of all bounded subspace of H, respectively. In
addition, (X, p) is a measure space, &, v:X —[0,00) a
measurable mapping where that v =0, a.e. Also, We the
unit closed ball of H by H, is defined*™.

The study of operators on Hilbert space was conducted
for a century, operator valued integral as an operator on
a Hilbert space with members of measurable functions is
of more recent origin. Studies of operator valued integral
that corroborated the analogues of frame theory, frame
and subspaces, must be attended for the most share till the
recently years. Then, however, this area has been tracked
rather strenuously with some noticeable achievements,
both for its own proof and connections with other areas of
frame theory. Furthermore, the approaches and opinions
of the operator amount integral case has validated and
assisted to the operator approach. One of the problems
in the development of frame theory has been the using of
an impressive structure for the subject, which is used in
this paper®®.

The structure of this article is managed in three main

* Author for correspondence

parts. In second section, theorems and presentations
which we need from operator theory and definition
of generalized operator valued integral will appear. In
Section 3, with name main result, many useful properties
of generalized operator valued integral will be discussed.

2. Preliminaries

Lemma 2.1

Kis considered as a Hilbert space. u: K — H is considered
a limited operator with constant values R . In the next,
there is a ranged operator u' : H — K such that as:

w'f=f, fER,

Also 4" : H — K hasbounded range and (u')" = (u")".
The operator u' is called the pseudo-inverse of u.

Lemma 2.2

u' : H — K is considered as a ranged subjective operator.
By considering the y € H, the relation ux = y illustrates a
just only one solution of minimum norm, x =u'y.
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Lemma 2.3

u' : H — K is considered as a ranged operator. So:

ol and Ju |=|ulf

« R is bounded, if and only if, R, .is bounded.

» uissubjective if and only if there is a ¢ > 0 whereas for
eachhe€H c||h]||<|u (W)]].

Lemma 2.4

u' : H — K is considered as a closed operator with closed

range R . Then this assertions are equivalent:

«  Orthogonal projection of H to R is specified by uu’,

+  Orthogonal projection of K to R . is specified by
u'u,

« R .isclosedand (1) = (u"),

. u'OperatoronR ischaracterizedby u" =" (uu')™".

Lemma 2.5
Let u be a self-adjoint bounded operator on H. Let:
m, = 2nf <uh,h> and M, =sup <uhh>.

€H, heH,

Then, m,,M, € o(u).

Definition 2.6

{Kx }X .x is considered as a total of Hilbert spaces. L* (X,
K) is considered as the class of total measurable mapping
¢ : X > K where as for each x € X, ¢(x) € K_and

[ lle@P dp < oc.

It is obvious, it proved that L? (X, K) is a Hilbert space
with inner product expressed as:

<@,y >=f < (x),y(x) > dp,
Sor p,v € L (X,K).

Definition 2.7

L(X, K, A, v) is considered as the class of total mapping
F: X — Hwhereas for each h € H, measuring the
mapping x — 7, (h)is possible and let {Kx }XGX be
a set of Hilbert spaces. For each x € X, suppose that
A, € B(F(x),K)and put

A={A, € B(F(x),K,): x € X}.
and

() || A ) [Fdp < oo,
:ggfxv ) | A (i (M) [Fdp < 00

for all h € H, where g, (h) be called the orthogonal
projection to the subspace F(x).
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Remark 2.8 In order to conciseness, L(X, K, A, v) is
denoted by L(X, A, v). Let F E L(X, A, v), ¢ € L*(X, A, v)
and h € H.

So:

| ) < XG> d|

| [ 100 < X0 () > |

| [ 06) <, g 0)> ] < [ 90008 -1 . i D
<[ PN I ([ Nl du® <(f 1ot
xsupl [ ()| A,y () F ™

heH,

For this purpose the following definition is used:

Definition 2.9

F € L(X, A, v). The generalized operator valued integral

(for brevity, g-operator valued integral) of F by
AFdy is denoted as the linear operator of L? (X, K) to

X

H defined by**°
< ¢ Aqu(so>,h> = [ v () (ALtoto), g

Where ¢ € I’(X,K) and h € H. The adjoins of fAFdﬂ(SO)
are denoted by j&" "AFdu(yp) and we have, ¥
X

Lemma 2.10 )
FEL(X,A,v).So, fﬁAFd'“ isbounded, f AFdp = vAm,.
X X

Proof
For each ¢ € ’(X,K)

| § AFdu(o)|

= <A k>d
sup| [ v(3) < ALk > di|

=sup|< §AFd,u(<,0),k >=sup | f v(x) < AL ((x)), k> dp |
keH, Y% keH, <X

=sup| f v(x) < (x), A, (p, (K)) > dpu |
keH, X

<sup [ v@) |90 (|1 A, ey (00 [ dp
ke, v X

< (J eGP dn’ scsup( [ v (Il A, iy (D IF ).
Thus,
I 39 AFdy(o) | = sup [ VN Gy )P dpa < oo
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We conclude that Sg AFdu(p) is bounded. For each
pel’(X,K)andh € H, So,<§ ’Aqu(h),g0>
X

< $ Aqu(ga)>

:f () { hA(wx)))du
), AL (p()) g
(h)), () )

= x

:f () (A, (7

= (vA(.)ﬂm (h),cp).
Hence for each h € H,

fﬁ "AFdy = vAn,.
X

3. Main Result

Definition 3.1
For each FE L(X, A, v) the following statement is defined:

. * 2 o * 2
Ape, = Inf || f AFdp(h) |, By, = sup [ jX; AFdp(h) I
Remark 3.2
FELX, A,v). So, foreachhe H

< § AFdug” AFdp(h), b >=|| vAm, ()|,
X X
A,;, and B, are optimal scalars which satisfy:

Ay, < 95 AFdp f "AFdp<B,,,.
X X

Lemma 3.3

F € L(X, A, v). So,A,,
subjective.

In order to verify it: Let A,

< 2@ AFdp gxﬁ “AFdpu(h),h >

>0 if and only if j; AFdy is
X

, > 0. Since for eachh € H

= [ A, Gy (W) IF dp
|| vAm (B IF= Ay, 111IF -

Therefore by Lemma 2.3(iii) f AFdy, is subjective.
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Now let § AFdy be subjective. Let

f"AFd,u:HHLZ(X,K)

X

Is presented as its pseudo-inverse. With using Lemma
2.1, foreachh€H

111l ¢ AFdpd " AFdpuh |
X X
<\ ¢ " AFdplll| f AFdu( |
X X

=II § " AFdp]|[| vAz, ()]
X
So
Agr, 2l " AFdp > 0.
X

Theorem 3.4
F € L(X, A, v). So, the operator iAFd,ufﬁ AFdy is
irreversible if and only if A, , >0. x

In order to verify it:Let 9§ AFdy f AFdy, be irreversible.
So: X X

Ap, < inf || " AFdu P

X
=inf < ¢ AFdu@ AFdu(h),h >€ o(p AFdu@ " AFdu),
< g oo

So, Az, >0 Now A, > 0Therefore, by the mentioned
Lemma ng AFdy. is subjective. So, there exist A > 0 wheras:

A||h||g||5ﬁ‘Aqu||,heH..
X

So,
* 2
fAqugf AFdu > A* > 0.

Definition 3.5

Let L(X,K,A,v)and L(X,K,A,v) and be two
classes of mappings that we said in definition
2.5.F € L(X,K,A,v)and F € L(X,K,A,v) and are called
dual pair if:

ngquf AFdu=1.
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Theorem 3.5

L(X,K,A,v)and L(X,K,A,v) are considered as two
classes of mappings that we said in definition 2.5. For
Fe L(X,K,/N\,v) and F € L(X,K,A,v) we consider the
operator

_:H—H,

AFAF
= SEAquf‘Aﬁdu.
X X

Then § __isboundedand ¢  _—g

AF,AF AFAF AFAF

Proof.
For any h, k € H by Lemma 2.10 we have:

<s o, k> <9§Aqu§ AFdu(h), k>
_< “AFdu(h), § Aqu(k)> <v]Xﬂ;(h),vAﬂF(k)>
:f<v(x)Ax W;m(h),V(X)Axﬂ'F(X)(k)>dﬂ

X
- f Vz(x)<[\x wg(x)(h),Awa(X)(k)>dp.

Thus :

2 2

_ 2 2 2 A
\(sm(m,k}\ <= f f [ v @la.r,, oo o
< BI/Z 1/2
Hence :
2

12 12
SAF,?\? SBB AFw
Also, S is bounded and we have:

AF,AF
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4.

= (fAquf*]\ﬁdu)* = ffxﬁdugx@*z\m =S .

AF,AF
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