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Abstract

This paper is concerned with the problem of designing a survivable capacitated fixed-charge network. This problem is
about selecting a set of fixed-charge arcs inorder to build a survivable network with the cost being kept to a minimum
and the flow requirements being satisfied. The system is subject to failure and capacity restriction. Failure is defined as
simultaneous failure of arcs. To solve the problem, first a mixed integer linear program is introduced. Then, an appropriate
Benders Decomposition (BD) method is developed. Finally, in order to reduce the number of iterations of using the BD
approach, a new strategy is proposed on the basis of s-t cut theorem. Using this strategy, the length of time required to solve

the problem was reduced by 35% on average.
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1. Introduction

Network design problems arise in telecommunications,
transportation, logistics, power systems, and produc-
tion planning'~. In many practical situations, a network
should be designed in such a way that it is survivable and
can satisfy the pertinent demands. The concept of surviv-
ability in network design can be defined as the continued
ability of the network to remain operational in the face
of component failures. Failure can occur as a result of
errors in the routing software or facility of the network
or in consequence of lost network facilities. When some
components of the network fail, it is quite difficult to
update the network so that it is cost-efficient and can do
operational tasks. In the previous literature there are sev-
eral network modeling approaches which take account of
survivability requirements*®.

In designing a large number of practical networks, such
as airlines, shipping companies, pipelines, and electrical
lines, we should pay a price in the form of “fixed” costs for
using arcs or installing facilities”™. This problem is known
as Fixed-Charge Network Design Problem (FNDP).

*Author for correspondence

In other words, we must incur fixed cost for each arc if the
arc is part of the solution.

A large number of approaches have been proposed to
solve FNDP. One of the most powerful approaches in this
regard is the “Benders Decomposition” (BD) method. This
method is based on the idea of decomposing the structure
of the problem and dividing it up in to a integer Master
Problem (MP) and several smaller linear problems, called
sub-problems. Two advantages of the BD method over
other approaches are comparative ease of solving sub-
problems and more power in solving large-scale problems.
The present paper considers a direct network as a set of
nodes and potential capacitated arcs. The network has
a known origin, destination, and demand, which is the
amount of flow that should be sent from origin to destina-
tion. Associated with each arc is a construction cost and
a failure cost, both of which are assumed to be non-neg-
ative. We consider a set of arcs that could simultaneously
fail and lose a part of their capacity. We call each set of
failing arcs a failure scenario. The Survivable Capacitated
Fixed-Charge Network Design Problem (SCENDP) that
we consider in this paper attempts to design a network
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thatminimizesthetotal costofconstructionandfailuresuch
thatafeasible flow exists in the event of any failure scenario.
Much research has been performed in this area, but
here we will mention only a few. Sridhar'® introduced
a Benders-and-cut algorithm for a capacitated fixed-
charge network design problem which incorporated both
Benders and polyhedral cuts into an implicit branch-
and-bound algorithm. Georgios et al.'' presented a new
method to reinitialize the Benders master problem for
a fixed-charge network problem using a series of valid
inequalities. Gendron' focused on three methods used
to solve large-scale instances of the multi-commodity
capacitated fixed-charge network design problem. These
approaches were cutting-plane, Benders decomposition,
and Lagrangian relaxation.

Costa’ presented a review of the BD approach applied to
fixed-charge network design problems. Luss and Wong'*
proposed simple heuristic algorithms that ensure surviv-
ability under scenarios of a single failure of a link on a
node. Atamturka and Rajanb" studied the design of
capacitated survivable networks using directed p-cycles
and employed a branch-and-cut algorithm to solve the
problem.Bley et al."® considered a location problem with
survivability constraints and proposed a branch-and-cut
algorithm on the basis of the BD method in order to obtain
an optimal solution. Ljubi etal."” introduced stochastic
survivable network design problems with finite scenarios.
They used a two-stage branch-and-cut algorithm for solv-
ing the decomposed model to obtain optimality. Garg and
Cole'® considered the design of a survivable multi com-
modity flow network with failure scenarios. They were
mainly concerned with the development of a BD algo-
rithm for solving this problem and explored the various
models for the Benders master problem.

The rest of the paper is organized as follows. Section 2
introduces a mixed integer programming model for
designing survivable capacitated fixed-charge networks
and proposes an approach on the basis of the BD method
in order to solve the model. In Section 3, two theorems
are stated in order for the optimal solution to a certain
scenario to be the optimal solution to the original prob-
lem. This section also presents a procedure for scenario
selection which uses the BD method in order to faster
obtain the optimal solution to the original problem.
Computational results are given in Section 4. The paper
ends with a summary of the main conclusions and sug-
gestions future research in section 5.
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2. SurvivableFixed-Charge
Capacitated Network Design
Model

We have a directed graph G = (N, A) where N is the set
of nodes and A is the set of arcs. Associated with each arc

(i,7) € A is a construction cost ¢;; and a failure cost
/
i
arc (i, j) has a capacity u;; > O Let d denote system
demand, which is the amount of flow that should be sent
from origin to destination .A flow that satisfies origin-
destination demands, conservative constraints, and arc
capacity requirements is called a feasible flow.

We consider sets of arcs that could simultaneously fail
and lose part of their capacity. We called each set of fail-
ing arcs a failure scenario.

The SCFNDP seeks to design the required flow network
which minimizes the total cost of construction and failure
such that a feasible flow exists in the event of any failure
scenario.

C; , both of which are assumed to be non-negative. Each

To formulate this problem, p,  k = 1,2,..., K

be K fraction numbers in interval (0, 1) fp . and a failure

scenario. That is, fpk is a set of arcs that could simulta-
neously fail and lose the (1 — p;, ) th of their capacity. Let
;; be the capacity of arc (4, 7) after failure. Therefore,

fo, = {G9)|(.4) € A & Ty = pruy} We define
F = {fpk |k = 1,2,---,K} To mathematically rep-
resent the problem, we introduce the following notations:
N+(Z) = {(Z,]) € A|] € N}:setofarcsthat
emanate from node i.

N~=(i) = {(j,7) € A|j € N }. setof arcs that
terminate at node i.

Py

SCZ]

_The amount of flow on arc (i, j) when the scenario

fpk happens.

ygs (27 .7) € fpk
(i) & f,

.

wl] 1
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1 if arc (i, ) is constructed

Yij = 0 0.W

The model can be stated as follows:

(MP) min. Z (cé + ¢;)Y; 1)
(i,j)€A
8.t
Tyt <y wit ug Vf, € F,Y(ij) € A @)
mgk — Z :cf;" = Vi, €F (3)
(i,7)EN"(s) (i, 7)EN"(s)
Z xg’f — Z xf;" =—d VS, €F (4)
(i,5)ENT (1) (6,7)ENT(t)
b — Y oz =0 Vv € N —{st},Vf, €F (5)
(i,1)EN" (v) (i.4)EN" (v)
yij € {07 1} V(Z, ]) € A (6)
xf;k >0 Vf, € FV(ij)ecA (7)

The objective function (1) represents the total cost of arc construction and failure which has to be minimized. Constraints
(2) imply that flow exists on an arc if the arc has been constructed, and limit the flow on the arc to be no more than its
capacity in each failure scenario. Constraints (3) and (4) guarantee that the demand between each origin-destination pair
is satisfied in a failure scenario. Constraints (5) show the flow balance for the other nodes (except the origin-destination
node).

Given a failure scenario fpk € F' problem (1)-(7) may be written as:

b

min Z (cj; + ¢y + 0z}

(i,5)eA

5175'“ < Yy wf'}-’“ Ujj V(i j) € A

M
(i,J)ENT(s) (1,))EN"(s)

xg-’f — xg-k = —d

(i,)ENT () (i,5)eN"(t)

Z zpt — zpt = Vv e N —{s,t}
(i.4)ENT(v) (i,7)eN"(v)
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Yy € {0,1} V(i j) € A
zf >0 V(i,j) € A

Now let us defineY = {yij | (2,]) c A& Y € {0, 1}}and suppose that 77;;, (i, ]) € A are fixed. The following
problem can be solved:

min Omék

ziF < gy wit ug
d v=s
o= S ah =10 w=N—{st}
(i,5)EN T (v) (i,5)eNT (v) d v =t
xf;-’“ >0
7, €Y

Thus, we can express the Problem (1)-(7)

d v=s
0

v=N —{st} ,zl*¥ >0:11(8)

P _
2

. f — . Py Py —_ Py
min E (¢} + ci)uy + min 0.af |zl < gy whr uy Z ;5 T =
Yij (i.j)€A Ty = (i, )N (v) (i,5)EN" (v) d t
_ v =

We introduce the dual variables 3;,;and 7; for the inner minimization problem and write its dual as:

(SP) min. > B0y, + d(m, — ) 9)
()€,

s.t.

ﬁij +m T = 0

By =0

Because the objective function is zero, and with respect to duality theory, we use “min” instead of “max” in the objective
function of the sub-problem. Problem (9) is called a sub-problem (SP) of BD. Drawing upon the duality theory; we can

rewrite Problem (8) as:

miny > (o + )y, + min > Byugpyy +d(m, —m) | By +m —m; = 0 (10)

(i.j)€A =0 e,
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The feasible space of SP should not be empty; otherwise, the primal problem is either infeasible or unbounded.
Suppose that (z57 zP)' p =1,2,..., P are extreme points and (1)%, o) ¢ =12..Q

are the extreme directions of the feasible space of SP. The SP can take either bounded or unbounded value. In the
unbounded case, there is a direction (v%, v?)T such that . (w;;py,5, d) (V5 V2 )Y < 0 The unboundedness of SP
makes the overall problem infeasible. To prevent the unbounded case, we add the following restrictions:
(uijpkyij>d)(vg>vgr)t > 0 q = 1’2""’Q

When SP is bounded, every solution is a linear combination of extreme points only. Thus, we can rewrite Problem (10)

as:
(z):A<Cf + Cij yz] + mln {(uz]pkywa )(Zg,zp)t | »=12,. P}} (11)
2,7)€

s.t.

(uy; Py @) (v, v2)" >0 g=12..0

By introducing the auxiliary variable T to the inner optimization problem, Problem (11) can be rewritten as below:

(i,5)eA
s.t.
T S (qupkyuvd)(zng#)t b= 1727"'7P (13)
(uijpkyij7d>(vlgvv;]r)t Z 0 q = 17 2,---7Q (14)

The problem above, (12)-(15), is a BD. In practical situations, there are typically too many extreme points and rays.
This is a disadvantage of the above-said formulation. To overcome this weakness, we delay generating Constraints (13)
and (14). Initially, only the last Constraint (15), is considered. Thus, the first MP is as follows:

min Z (cf + )y, + T (16)
(i,j)eA
st

y; €Y
Once Problem (16) is solved, SP would be solved using a trial configuration of . If SP is unbounded, we add a constraint
of type (14) to the MP. However, if it is bounded, a constraint of type (13) is added. We solve these problems iteratively

until the optimality condition is obtained.
When we obtain an optimal solution for a certain scenario, we use it in the SP for another scenario. Ifthe optimal value
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for the objective function of SP is equal to zero for each failure scenario, we obtain an optimal solution to the original
problem; otherwise, we apply this solution to the SP of another scenario and obtain an optimal solution. We iteratively
do this process until we obtain an optimal solution to the original problem.

3. Optimality Conditions for a Certain Scenario and Modified BD

First, we regard a certain scenario as fixed. At the first iteration of BD, the MP is

min Z (c{; +ocy)y; + T (17)
(i,5)eA

s.t
yi; € {0,1}

and we obtain ¥;; = 0 V(i,j) € A .

As constraints of Forms (13) and (14) are added to the model, we would eventually build a set of paths from the origin
to the destination. However, this initial process will result in several iterations. In order to find a better initial solution,
we consider one of the scenarios and find a path from the origin to the destination. Finding this path helps us reduce
the number of MP iterations. Of course, the choice of scenario also affects this reduction. We define the capacity of a

path Q under scenario f;. as follows:

w@, fi) = min{wgﬁ' u;; | (4, 5) € Q} (18)

Suppose that Q" = (Ql* Qs QF ) is an optimal solution to the problem. This solution consists of several paths

from the origin to the destination with several arcs in common. Now, the following theorem is stated in order to decide
on a scenario the optimal solution to which is the optimal solution to the original problem.

*
Theorem 1 :If the optimal solution under scenario f;, is @ with the capacity of paths not decreasing in the other

*
scenario, then ) is the optimal solution to the original problem.
Proof: The optimal paths do not include any cycle. Otherwise, we can find a better solution without passing through

*
the cycles. Without loss of generality, suppose that the optimal solution under scenario f, p, is @1 , which has the

* *
aforementioned property and suppose that @ ( Qf Z= () )isthe optimal solution to the original problem. Since the

capacity of ;' does not decrease under any other scenario, satisfies the network demand under other scenarios. The
*
solution is an optimal solution if it satisfies the destination demand and is with minimum cost. Since Q) isan optimal

solution, the following condition should obtain in the scenarios except 1, P

Z (c;j + Cifj) < Z (cij + szj) (19)

(i.)eQ’ (i.§)€Qt
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* *
Now, we consider Q under scenario f », Q satisfies the network demand under f P1 and it is optimal. Thus,

Z (c; + Cf;) < z (cij + Ci];) (20)

(i.j)eQ (i:4)€Qr

Now, let us state a definition which can be used to find a failure scenario which helps us find the optimal solution to the
original problem.

Before stating Theorem 2, we define the capacity of an s-t cut (s,3) under as 7, D,

Uy, (8,3) = Z Dl (21)

(i,1)€(8,5)

And also define Z h, 3 the capacity of the minimum cut:
Z h = min Z Pryj (22)

Theorem 2: The optimal solution under fpk , which is Q;k , is optimal to the original problem if and only if the capacity
of every s-t cut of Q;k under other scenarios is greater than or equal to the system demand.
*
Without loss of generality, suppose that Qpl is the optimal solution under scenario /1, p, such that the capacity of
* *
every s-t cut of Qpl under other scenarios is greater than or equal to the demand. Suppose that Q) isthe optimal
solution to the original problem and that Q;l = Q* Since is the optimal solution under fp1 it follows that
D (e +e)< DD (e, +c)) (23)
(1.))=Q,, (i.)eQ"
. * . * . . . . .
Now, we consider Qp1 under another scenario, say fp2 . Qpl is not the optimal solution under fp2 .Since the capacity

*
of every s-t cut of Qp1 under fp2 is greater than or equal to the demand, the destination demand is satisfied. Therefore,

It can be seen that (23) is in contradiction with (24).

2 (gre< X (g+e) (24)

(i.)eQ" (i.)eQ,,
It can be seen that (23) is in contradiction with (24).

*
Now, suppose that the optimal solution under scenario fpl (which is Qp1 ) is the optimal solution to the
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original problem. Without loss of generality, we consider
Q; under scenario f, and suppose that there is an s-t
cut under f, such that the capacity of Q;l on this cut
is less than the demand. Thus, Q; under f, = cannot

*
satisfy the destination demand, indicating that Q}h is
not the optimal solution to the original problem.

Finally, note that this scenario may be difficult or even

impossible to identify. We define f, ; asa failure scenario
that has the least s-t cut of all scenarios. In order to find
a scenario which would allow us to obtain the optimal
solution to the original problem at fewer iterations, we

suggest to start the BD approach with f, ;, .We chose this
scenario because it has the least s-t cut of all scenarios and
the capacity of every s-t cut of its optimal solution is least
likely to decrease under other scenarios.

We find the optimal solution under f, ; . This solution
consists of several paths from the origin to the destination
which can have several arcs in common. If the optimal
solution to this scenario is optimal to the original problem
(i.e., it satisfies the conditions of Theorem 2), the original
problem is solved. Otherwise, we put the optimal solution

obtained under f, ; into others scenarios.

The size of each problem and the demand pertinent to
each problem are so chosen that it is possible to show the
impact of the number of nodes on computational time of
the two approaches above. We set the target arc density
to 0.5, which is the ratio of the total number of network
arcs to those arcs that can exist in the network. The
capacity, construction cost, and failure cost of each arc are
randomly set between 1 and 100 according to a uniform
probability distribution. Demands are considered to be in

the range of 80-90% of f, ;.. . Finally, four failure scenarios
are defined depending on the percentage of lost capacity:
80%, 50%, 60%, and 20%. The results are summarized in
Table 1.

5. Conclusion

This research aims to develop an effective algorithm for
solving survivable network design problems. First,a mixed
integer linear program which is NP-hard is formulated.
To solve this problem, we employ the BD approach, which
is significantly better than mixed integer stated in order to
obtain the optimality condition for a certain scenario. To
reduce the number of iterations of using the BD approach,
a scenario with minimum capacity of s-t cut is used.
Further research in this area could develop a branch-and-
price-and-cut algorithm for survivable network design
problems. We believe that the obtained results can be
useful for those actual instances of network arc failure.

Table 1. Comparison of computational time (in seconds) required by each approach
10 nodes 15 nodes 20 nodes 25 nodes
BD 38 58 344 918
Jwin and BD 21 31 135 327

4, Computational Results

In this section we compare two approaches in terms of
the length of time it takes them to obtain the optimal
solution. The first approach only uses the BD method.
However, the second approach, as suggested above, starts
the BD method with f ., .

For comparison purposes, four networks are created with
10, 15, 20, and 25 nodes. Four failure scenarios are defined
for each network. We select Node 1 in each network as the
origin and the last node as the destination.
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