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1. Introduction

The term Distance Function is customarily attributed to
the metric associated with a metric space. However the
study of the notion of a distance function on a set goes
back to Frechet and Frink® 2. In 2000, Hitzler and Seda’
proved fixed point theorems in complete dislocated metric
spaces. Their theorems generalizes Banach contraction
principle to dislocated metric spaces. Sarma* introduced
the topological aspects and completion of dislocated
metric spaces and proved a coincidence theorem which
generalizes Mathew’s theorem. Moreover he proved a
dislocated metric version of Seghal’s fixed point theorem
which ultimately implies to satisfy conditions analogous to
those of Banach, Kannan, Bianchinl, Reitch and Rakotch.
Ahmed® introduced the concept of left (right) dislocated
metric spaces and proved some fixed point theorems. In
recent years many authors prove fixed point theorems
in dislocated and dislocated quasi metric spaces(see
for examples®®. In this paper we introduce topological
aspects of left (right) dislocated metric spaces which is
different from Ahmed’s conditions and prove some fixed
point theorems.

* Author for correspondence

2. Preliminaries and some
Topological Properties

If X is a set, any mapping d:X x X—>R is called a distance
function. In order that we are able to derive some
meaningful results that are consistent with the natural
laws of distance that are familiar, it is but natural to
impose some natural restrictions on a distance function.
The following are some of the most reasonable conditions
for a distance function d on a set X, which we consider in
this note.

Definition 1. Let X be a nomempty set. A distance on X is a
map d:X x X—[0, o). A pair (X, d) is known distance space
if d satisfies the following conditions

(d)d(x,x)=0

(d,)d(x, y)=d(y, x) = 0= x=y

(d) d(x, y)=d(y, x)

(d,) d(x, 2)<d(x, y)+d(y, z)

If d satisfies (d )-(d,) then it is called a metric on X. If d
satisfies (d,)-(d,) then it is called dislocated metric on X.

Definition 2. A distance function d is called right dislocated
metric (rd-metric)or simply left dislocated metric (ld-



P. Sumati Kumari, Ch.V. Ramana, Kastriot Zoto and D. Panthi

metric) iff it satisfies (d,) and the condition d(x, y) = 0= x
=yVxye X(resp.d(y,x) =0=y=x)

It is clear that any dislocated metric is rd-metric (resp.ld-
metric) but the converse need not be true.

Ifx € Xand € >0theset B! (x)={y:d(x,y)< € } (resp.
IBIE (x) ={y:d(y, x) < €}) called the right open ball (resp.
left open ball)

Notation: V. (x) = {x} U BL (x) (resp. Vel (x) = {x} U
B, (x)

Proposition 1. B = { V. (x)/x € X} (resp. { Vel (x)/x €
X}) is a basis for a topology on X.

Proof. Clearlyeachx e X 3 V! (x)3xe V! (x)

If y is a point of V! (x) then there is a basis element V
(y) that contained in V! (x)

ye v! (x) = B. (x) U{x}=d(x y)< e

choose 6 =€ — d(x, y) then V! (y) C V_ (x)

ze Vi()=dlyz)<d=€ - dx,y)=d(x,2) < e=
ze V! (x)

Remark: Let J;  (resp. J; ) be the topology induced by
rd-metric (1d-metric)

Proposition 2. If x € X, the condition { V! (x)/x € X}
(resp. { VEZ (x)/x € X}) is an open base at x , hence 35
(resp. 37 ) is first countable.

Definition 3. A sequence {x } C X is right convergent (resp.
Id- convergent) iff there exists a point x € X such that lim
d(x, x ) = 0 (resp..lim d(xn’x) =0). In this case x is said to be
the rd- limit (1d-limit) of {x }

Notation: For A C X we write D (A) = {x € X/x is aright
limit of {x } € A}Similary D(A)

Definition 4. V is rd-open  (resp.ld-open) iff ¥x € V3
€ >0V (x)CV (resp. V! (x) CV)

Proposition 3. Let A C X then x € D/(A) < for every €
>0 BiNAzg (rep. BLNA=¢)

Proof: Routine.

In' the authors introduced Dislocated symmetric spaces,
highlighted some convergence axioms and proved some
implications and non-implications among them. So we
pick some convergence axioms from that article and
prove some main theorems.

(C) forasequenceand {x} € X,x,ye X lim__d(x,
x)=0 andlim _ d(x,y)=0implyx=y.

(C) forasequence{x}te X, x,ye X lim_ _d(x,x)=0
andlim __d(yx)=0implyx=y.
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Definition 5. A sequence {x } € X is a Cauchy sequence if
forevery € >0 there corresponds a positive integer N, such
that d(xn, xm) < € whenever n, m = N,

Proposition 4. Let (X, d) be a rd-metric space (resp.ld-
metric space) X—A is rd-open (resp.ld-open) iff A is rd-
closed (resp.ld-closed)

Proof. Let (X, d) be a rd- metric space. A is rd-closed.
Claim : X-A is rd-open.

Forx € X-A3r>05 V. (x) C X-A. Suppose for some x
€ X—A this does not hold, then Vn = 1, iwC X-A.
Sodx e? NA=d(x xn)< ™ x d(x,xn)<1/n. Since A is
rd closed, x belongs to A.

which is a contradiction.

Conversely, suppose that X — A is rd-open.

Claim : A is rd-closed.

Supposex € x,x € A&lim _d(x, x)=0.
Letx&X.=3e 05 V' (x) SX~- A Forthise IN_
3d(x, x) < e€Vn=N_= x & A which is contradiction.

Definition 6. The pair (X, d) is said to be rd-complete (resp.
Id- complete) if every cauchy sequence is rd-convergent
(resp.ld-convergent)

Remark: rd-limit (resp.ld-limit) of a sequence in (X, d)
is unique.

Proposition 5. A C X is rd-closed (resp.ld-closed) iff A
contains all its limit points.

Proof. Suppose that A is rd-closed.

= X — Aisrd-open. Let {x tbe a sequence in A 3 d(x, x,)
<eVnzN_..(1)

Claim: x € A

Suppose x € A => x € X — A. Since X - A is rd-open 3 €
>03 V. (x)CX-A

From (1) x, € V! (x) € X — A. Which is a contradiction.
Conversely Suppose that X - A is not open.
dxeX-A>sforeverye >0,B_(x) ;(_X—Ai.eIB%E(x)
NA=¢

So for every positive integer n, Ix € B (x) N A= d(x,
x)<l1/n

x € A.limd(x, x ) = 0. x is a limit point of A and x & A
which is a contradiction

Definition 7. Let (X, d) be a rd-metric (resp.ld-metric)
space and XX f is said to be right continuous or simply
(rd-continuous) (resp.ld-continuous) at x iff Ve >0 39

>03f/( Vi (x)C V. (fix)) (respfi Vs (x))C V! (f(x))
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Definition 8. Let (X, d) be a rd-metric space and fX—>X. If
there is a number 0 < o < 1 such that d(f(x), f(y))=< o d(x,
) V'x, y € X then f is called a contraction.

Proposition 6. Let (X, d) be a rd-metric (resp ld-metric )
space and f is a contraction then f is rd-continuous (resp.
ld-continuous).

Proof. Suppose f is not rd- continuous at x € X.

Je >0Vn>0fir(x)L . (fix)

=3d(x) e X>3d(x x;) <1/nbutd(f(x) f(x)) = €

Since d(f(x), f(x,)) = cd(x x ) < 1/n; lim d(f(x), f(x ) = 0
So, AN>d(f(x), f(x ) < €V n = N. This is a contradiction
Hence fis rd-continuous at x.

Similarly fis ld- continuous.

Proposition 7. If d(x, y)<d = d(y, x), O then 37 coincides
with 3y and this topology satisfies Housdor(f property.
Proof. it d(x, y) < & = d(y, x) < d then,

dx, y)<d<=d(y,x)<d

So that B} (x) = Bl& (x) Then the right topology J),
generated by d coincides with the left topology.

Now suppose, x # y, then d(x, y) > 0. Let 0 < d < d(x,)/2
Ifdz € V(x) N V,(y) then x # z # y and

d(x, z) < dand d(y, z) 0=d(z, y) < O

Hence d(x, y) =d(x, 2) + d(z, y) <d(x, 2) + 6 <20 < d(x, y):
Proposition 8. J/, (resp. 3; ) is T, space <> d satisfies d(y,
x)>0 (resp. d(x, y)>0)

Proof. Assume that 3 is T, space.

Letx e X,y € X and x # y. Since 3y d is open, X — {x} is
open.

xzy=yeX-x

=35>0>5 V; CX - {x}

= x& VI ()

=d(y,x)=38>0.

Conversely, suppose that the condition holds. We show
that X — {x} is open Vx € X

Lety eX — {x} since y # x, d(y, x) > 0

ze V.())=dy2)<e=z#x

zeX—-{x}= V. (S X-{x}

Hence X — {x} is closed. Since this holds V' x € X, (X, J%)
is T, space.

3. Main Results

Theorem 1. Let (X, d) be a right complete (left complete)
dislocated metric space with C(2)and let f be a contraction
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mapping on X. Then f has a unique fixed point.

Proof.let x, y be any two points of X. Since fis a contraction
on X there exists a real number o with 0 < a < 1 such that
d(f(x), fly)) = ad(x, y)
In fact, d(f2(x), f*(»)) = ad(f(x), f(y)) < o*d(x, y)
Then by induction, for any positive integer n,
d(f"(x)), f*(y)) sord(x, y)Vx, y € X
Now let, x, be any point of X, set for n =0
x, = flx), x, = flx) = f2(x) 0 x_ = flx)
x, =flx )=..=f"(x)
Let m, n(m > n) be any positive integer = 1, then we have
dlx,x )=d(x,x )+dx ,x )+..+dx_,x )
=d(f"(x,), f'(x) + ...+ d(f™(x,), f™(x,))
s(a" + o™ +... + o d(x, x,)
= aﬂgl +a+ ..+ o d(x, x)
< ix d(xy, %)
Since 0 = a < 1, {x } is a cauchy sequence in (X, d), hence
right convergent
ielimd(x,x)—>0..(1)
Since 'f' is continuous, lim d(f(x), f(x )) - 0. ...(2)
from (1) and (2) flx) = x

Uniqueness:

d(x, z) =d(flx), (z)) < ad(x, z) = d(x, 2) =0=>x =z

Theorem 2. Let (X, d) be a right complete d-metric space
and f: X - X be continuous. Assume that there exists a
number @’; 0<a< 72 such that for each x, y € X

d(f(x), {(y)) = ald(x, f(x) + d(y, f(y))] then f has a unique
fixed point.

Proof. For any x € X

d(f(x), £2(x)) = ald(x, f(x) + d(fix), ()

= d(flx), f40) = 7% d(x, fx))

= d(f(x), f*(x)) = Bd(x, f(x)), where B= l_i

43
then by induction, let m, n(m > n) be any positive integer

=1
d(F7(x)), f75)) < B(1+ Bt o+ B7) d(x, f12))
< £ d(x fix)
Hence, {f"(x)} is Cauchy sequence in (X, d).
Therefore right convergent (x, f"(x)) - 0....(1)
Since f is continuous d(f(x), f"(x)) = 0...(2)
from (1) and (2) x = f(x).
Uniqueness:
d(x, 2) = d(flx), fi2))

= ald(x, f(x)) + d(z, f(z)]

=ald(x, x) + d(z, 2)]...(3)
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But,

d(x, x) = ald(x, f(x) + d(x, f(x))]
=2ad(x, f(x))
= 2ad(x, x)

d(x, x) = 0; Similarly d(z, z) = 0 = x = z (from (3)).

Theorem 3. There exists a number @, 0 < a < Vs such that
foreachx,y e X
d(f(x), f(y) = ald(x,f(y) + d(y, f(x))]
Proof.
d(f(x); f2(x)) < ald(x, f*(x) + d(f(x), f(x))]...(1)
Now
d(f(x), f(x)) = ald(x, f(x) + d(x, f(x))]
= 2ad(x, flx))
from (1)
d(f(x), f*(x)) = ad(x, f(x) + ad(fix), f2(x)) + 2a%d(x, f(x))
= d(flx), *(x)) = == d(x, f(x)) g
= d(f(x), f*(x)) = pd(x, f(x)) where f= ar_;

Uniqueness:
d(x, z) = d(f(x), f(z))
<ald(x, x) + d(z, 2)]
d(x, x) = d(f(x), f(x))
< 2ad(x, x)
d(x, x) = 0, similarly d(z, z) =0. Hence x = z

Theorem 4. Let (X, d) be a right complete d-metric space
and f: X - X be continuous. Assume that there exists a
number h, 0 < h < 1 such that for each x, y € X

d(ftx), f(y)) < hmax [d(x, fx), d(y fiy)]

then f has a unique fixed point.

Proof. For each x € X,

d(fix), f*(x)) < hd(x, f(x) : where 0 <h < 1

therefore {f"(x)} is a Cauchy sequence. So f(x) = x

Uniqueness:
d(x, 2) = d(fx), fiz))

< h max [d(x, x), d(z, 2)]
d(x, x) = d(f(x), d(fx))

< h max [d(x, x), d(x, x)]

= hd(x, x)
= d(x, x) = 0, Similarly d(z, z) = 0. Hence d(x, z2) => x =z
Theorem 5. Let (X, d) be a right complete d-metric space
and f: X > X be continuous. Assume that there exists non
negative number a, b, ¢ satisfying a + b+ ¢ < 1 such that for
each x, y eX

d(f(x), f(y)) = ad(x, f(x) + bd(y, f(y) + cd(x, y))
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then f has a unique fixed point.
Proof. Foreach x € X
d(f(x), f*(x)) = ad(x, f(x)) + bd(f(x), f*(x)) + cd(x, f(x))

= d(fx), 1)) = 2 d(x, fix)
= d(f(x), f*(x)) = pd(x, f(x)), 0= f< 1

If we follow the same steps as in above theorem, we get

fx) =x

Uniqueness:

d(x, z) = d(flx), f(z)
=ad(x fix)) + bd(z f(z)) + cd(x, z)
=ad(x,x)+bd(z z) +cd(x, 2)..(1)

d(x, x) = d(f(x), f(x))
< ad(x fix)) + bd(x, flx)) + cd(x, x)
<s(a+b+0o)dx x)

Since, (a+ b +¢) <1=d(x, x) = 0. Similarly d(z, z) =0

From (1), d(x, z) < c d(x, z)

= (1-¢)d(x,z)<0=d(x, z) =0. Hence, x = z.

Theorem 6. Let X be a non-empty set. Define
(i) D(x, y) =d(x, y) + d(y, x) Vx, y € X. Then D is dislocated
metric iff d is both rd-metric and ld-metric.
(i)3,= Iy N 3; where J  is topology induced by D.
Proof of (i) Clearly D(x, y) = 0 as d(x, y) = 0 and d(y, x) = 0
D(x, y) = D(y, x) = 0 = x = y. Triangle inequality holds.
Hence D is a dislocated metric space.
Proof of (ii)

J=% N 5
Since B,. (x) C Bi. (x) N Bi (x)

BN P () C Boe (x)

where Bo. (x) ={y/D(x, y) < €}
B, (x) ={yld(x, y) < €}
B, (x)={y/d(yx)<e}

B,. (x)C Bi (x) N Bi (x)
Let ye Bo (x)= D(x, y)<e
=dx y)+dyx)< e
=d(x y)<e and d(yx)<e
=ye B, (x) and ye B, (x)
ye B, (9N B, (%)

BN Py (x) C B, (%)

H

ye Bo(x)N 2, (x) C Bo (x)
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d(x, y) < 9/2
d(y, x) < (8/2)
D(x,y) <8
ye By, (x)

Theorem 7. A is closed in J , iff A is both right closed and
left closed.

Proof. Claim: A is closed in J

i.e. for every € > 0, there exists a positive integer n_ >
D(x,x)<eVnzn_

=d(x,x) +dxx)<e

=d(x,x)<eandd(x,x)< e

= lim d(x, x) =0 and lim d(x, x ) = 0

Since A is both right closed and left closed so x € A.
Hence A is J, closed.

Assume that A is JJ closed.

Claim : A is right closed and left closed

Let {x } be a sequence in A and x € X such that lim d(x,
x,) =0and

lim d(x , x) = 0 i.e. for every 6 > 0 3 positive integers n
andng, >

d(x, x ) <d/2and d(x , x) < §/2

For n =z n and n = n, respectively

D(x,x)=d(x, x)+dx,x)<0=D(x,x)<dV nz
min{ng , n,}

= limD(x , x) = 0= x € A.

Theorem 8. X is D-complete iff X is both right complete
and left complete.

Proof. Claim : X is D-complete

Assume that X is both right complete and left complete.
Let {x } be a cauchy sequence in X with respect to D. For
every € > 0 3 a positive integer N_ 3 D(x, x ) < € V'n,
mzN_

=d(x,x )+dx, x)<e

=d(x,x )<e€andd(x  x)<e Vnm=zN_

= min{d(x, x ), d(x , x )} < €,. Since X is both left and
right complete, lim d(x, x ) = 0 and lim d(x , x) = 0. Note
that limD(x , x) = 0. Since, limD(x , x) = lim d(x, x,) + lim
d(x, x) > 0.

Conversely, assume that X is D-complete.

We have to prove that X is both right and left complete.
Let {x } be a right Cauchy-sequence in X.

min{d(x, x ),d(x ,x}<e€/2
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For every € > 0 J a positive integer N, 3 d(x , x ) < €/2
/m, n = N,. Similarly, d(xn, xm) <e/2Vm,n=N,
Hence, D(x, x, ) =d(x, x ) +d(x , x )\ m, n = N where
N =min{N, N,}.

So, {x } is a D-Cauchy sequence.

since X id D-complete, limD(x , x) = 0 i.e. for every 6> 0
Ja positive integer N,3 D(x, x) < 6 Vn =N,
=d(x,x)+dx x)<0Vn=N,

=d(x,x)<dand d(x, x ) < 0

= lim d(x, x) =0 and lim d(x, x ) = 0

X is both right and left complete.

Theorem 9 (Mathews Theorem) Let (X, d) be a complete
dislocated metric space. f: X - X be a contraction then f has
a unique fixed point.

Since (X, d) is a complete dislocated metric space. If (X, d)
is both right complete and left complete and f: X - X be
a contraction then from Mathews Theorem fhas a unique
fixed point.
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