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Abstract

In this brief review paper aims at the understanding of experimental and theoretical work done so far on the quantum
tomography and its relevance to quantum computing. In order to determine ortho normal and entangled states the
procedure adopted is explained and understanding of two superposition states in a qubit is defined. The concept of the
Bloch sphere to understand the reconstruction of quantum states is also discussed. Attempt has been made to understand
various mathematical techniques used by other authors to determine state superposition by efficient algorithms such
as Shore’s and Grover’s algorithms. The basic experimental technique used in quantum tomography to experimentally
determine the orthogonal and superposition states uses homodyne balanced detection which is discussed and described
in detail here. Also explain a simple procedure for writing and reading a qubit. A complete characterization procedure is
discussed for any quantum state of two orthogonally polarized states and the paper gives a systematic procedure to collect
the necessary data.
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1. Introduction

The fundamental concept of classical computing is based
on a binary bit. Quantum computing is also based on a
similar concept as quantum bit (Qubit). In classical com-
puting all higher and lower states are represented by a
string of ones & zeros, while in the case of qubit it is a
linear superposition all possible states'.

Ever since it was proposed by Feynman and its sub-
sequent discovery, quantum entanglement has taken
a central role in broad context in the use of quantum
hypothesis. Quantum entanglement is a natural effect
for any multi wave system in which at least two sub sys-
tems cannot be separated. If we observe in our world and
assume the overall environment as a system then many
of the states are probably entangled”. A popular notion is
that in two subsystems the states are more separable than
non-separable, which is not true.

*Author for correspondence

The Poincare (Bloch) sphere is used as a geometric
representation of the qubit state space as a point in the
three dimensional unit spheres. The surface of the Bloch
sphere is representing the pure qubit state and inside the
sphere are the mixed states and maximally mixed states
lie at the center of the sphere®. The states which super-
impose are the only stable states which can be measured
and accessed.

We can construct a quantum state by an optical pulse
which contains a single photon by using quantum homo-
dyne tomography’. Homodyne tomography is a reliable
technique of reconstructing des  ired quantum state by
spatial and temporal based excitation using the phase
switching.

The density matrix p is a complete description of a
quantum state®. Quantum state tomography is a method
for determining the density matrix of a quantum system
by providing many copies of available quantum system.
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2. Quantum Superposition

The heart of quantum mechanics is the superposition
principle’. According to superposition principle two or
more states may be superposed and give a new state’. We
can also define the quantum superposition of a quantum
system as it can be any linear superposition of those two
and more states.

Superposition can be represented mathematically in
the following form as —

|y >=a 0>+4|1> (1)

Where for example,

a is amplitude of state |0>

/¢ is amplitude of state |1>

aand B are complex number and |a[* +| #|"=1 (State
of Normalization).

If there is a k-level quantum system then superposition
state is defined as -

lw)y=a,|0)+...q,_, |k—1), )
k-1
Where, 2| a; F=1
=0

A superposition is the basic unit of information in
quantum computers. It is known as a Qubit.

3. How the Measurement of a
Superposition State is Done

We are interested in measuring the quantum state |y>.
We cannot know about a superposition state itself, but
we can see classical states with their probability®. If we
measure a Qubit, then the state of the Qubit after mea-
surement will be |0>with probability |« [*, and |1> with
probability | £ > as shown in Figure 1.

5ta1e | 0= with
probahility e

ol @ 5taill:e | Lotwith probability
fl

Figure 1. Measurement of superposition state.
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4. Quantum Entanglement

The multiple particles are linked together in a way when
we measure of one particle’s quantum state and then we
can determine the possible quantum state of the other
wave functions. This phenomenon is called quantum
entanglement.

The most basic entangled quantum system is a pair
of Qubits. Suppose we have two Qubits they are given by,
4 |0)+ a |1), and £ |0)+ £ |1). Then joint state of two
Qubits is given by the tensor product and is represented
as a, /4 |00) + 4, 4, |01) + @, 4, |10) + @, 4, |11). Generally
two Qubits are entangled and they cannot be decomposed
into individual Qubits. Quantum entanglement state is
generally represented by -

o)) = [ @ 1)), 19x,), (3)
i=1

There are some examples of entanglement states viz.
Bell state, Greenberger-Horne- Zeilinger (GHZ) state
(Figure 2(a)) and W-state (Figure 2(b)).

An entangle quantum state of N > 2 subsystem is called
GHZ state®. In GHZ state each of subsystem is a two dimen-
| 0>®N + | 1>®N

V2

GHZ state is a form of quantum superposition of state

sional system and it is given by | GHZ) =

|0) and |-1). For example we can write a GHZ state for
|000)+|111)

2

3 qubitas |GHZ) =

() .
/ Q — "l" :\\\
&)~ €

Figure 2. (a) graphically representation of GHZ state,
(b) Graphically representation of W. state. *'Bell state is also
an example of the entangled state of a qubit. There are four

entangled two qubit Bell state defined as*!-
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An entangle quantum state of three qubit is called the
1001) +]010) + | 100)

3

W-state!® and it is written as - | W) =

This is graphically represented as follows:

|@2>=%<|o>1®|o>2+|1>1®|1>2> ()
|¢/+>=%<|0>1®|0>2+|1>1®|1>2> (5)
|w>=%<|o>l®|o>2+|1>1®|1>2> (©)
|¢,—>=%<|0>1®|o>2_|1>1®|1>2) )

The concept of the Bloch sphere to understand the
reconstruction of quantum state.

12A pure Qubit state | ) is a point in Complex plane.
The standard convention is to assume that it is a unit vec-
tor in C? and ignore the global phase. Then without the
loss of generality we can write

CcoS —
O py=| 2 p (8)

e’sin—
2

We can represent our pure photonic qubit based on
horizontal and vertical polarization given by -

|W>=cos§ H)+e’¢sin§|V} 9)

Where, 0<d<zand0< p<27.

Figure3. Representation of quantum statesin Bloch sphere.
H & V denoted to horizontal and vertical polarization which
are along to Z-axis and D & A as diagonal and anti diagonal
polarization which are along to X-axis, L & R as left circular
and right circular polarization which are along to Y-axis'.
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The quantum state |(f, @) can be represented on
Bloch sphere by its vector Figure 3. A mixed state is
described by its density matrix.

The density matrix is classical statistical distribution
for pure states. The density matrix is written by-

p= P |0, ) (10, (10)
j

Where P, is denoted probability, for mixed state with
probability
P, >0and 2 P =1
j

We can write density operator in matrix form as -

2 =il pl (11)

5. Properties of Density Matrix

1. pis Hermetian: p"=p
2. Normalization: Tr(p) = 1
3. Tr(,oz) = {

=1 Forpurestate

<1 Formixedstate

The eigenvector of our observable based on particular
basis direction can be found by -

O,y = sinlcos po, + sin0sinpo, +costa,  (12)

We define the polarization of the Pauli spin matrices as

s, =((1’ é]=|H><V|+|v><H| 3

. 0 _i .
ay:[i 0)=z<|v><H|—|H><V|> (14)

1 0
o‘;=(0 _J=|H><H|—|V><V| (15)

as the projection onto one of the eigen states of the observ-
able and the measurement result is the corresponding
eigen value. Therefore, we can calculate the probability
of occurrence with the expectation value of the projector.
The probability of projection of a given state f into the
state | ) is given by

(1+”<//,¢))

P(Jt;,w) = 2 :<V(ﬂ,w) |§//(/i¢)> (16)
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P = (1_‘7(5,@)
(Gp) — 2

=W Vi) D

Any ensemble of single-Qubit state can be represented
by an ensemble of only two orthogonal pure states (Two
pure states are

[#4, ) and | y/(fg) ,)) are orthoganalonly if

|<V/(€,w) | W(Aﬂ,wﬂ =0)

A multiple qubit states are given by the sum of tensor
products of single state vectors. An n-qubit system can be
written as -

|§//>= 2 ail,iz..‘in|i1>®|i2>®"'|iﬂ> (18)

iy iy ..i,=0,1

Where a, is complex and zai =1. For two qubit pure
state can be written as

|v)=a|HH)+ f|HV )+ y|VH)+0|VV)  (19)

Where o + £ + 7> + 6> =1, normalization conditions.
And 00) shorthand notation for |0),®|0),.

The state of the individual subsystem cannot be writ-
ten as a simple tensor product. Such types of quantum
states are called Entangled.

We can completely describe a quantum state by its
density matrix p. The density matrix is written as func-

tion of correlations T/, p ) because the states are
.

sty (P
entangled. The correlations tensor T(p) is defined as —
Tﬂ1 ot (p)= Tr[p(aﬂ1 ® a, Y O'/ln] (20)

We can determine T, , (») by the statistical ensem-
ble of detector click N. This ensemble can be got by the
polarization based Pauli vector.

We can reconstruct the density matrix by the deter-
mining the correlation function T. We can write the
density matrix in term of correlation function as -

1
r=x Y 1, .0, ®0,. . .®0,) (21)
Hysfy - fhy

6. Rotation Operators

Here we describe exponential and rotation matrices
among the particular basis direction in 3-D

e/ = I cos@+ i(na)sin & (22)
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Now we see a Qubit as simply a unit vector on the
complex circle (in Hilbert space representation) or as a
unit vector on the Bloch sphere. We can consider rota-
tions of the Qubit’s state that keep its length invariant.

When we rotate the X, Y and Z axis of Bloch sphere
by 0 then

o> 4 VJ
R =e 2=Jcos——isin —X
L(0) 5 5
cosl ol
5 —151115
B . cosl (23)
—isin—
2 2
cosl sind
2 2
R = 24
Y @ sind  cost 24
2
_i?
e 2 0
R.(D)= p (25)
0 el

7. Preparation of Qubit State

To get the Qubit state by rotating excited state around X
and Y-axis as

X, Pulse > o t=7—|0)— X +|1) (26)
Y”Pulse—>wyt=7z%|0)|—>Y”|—>i|1) (27)

We thus prepare the superposition state as

0)+(1
X”Pulse—)a)xt=z—>|0)i—>X”|—>|> B (28)
2 2 52
7 |0)+i|1)
Y”Pulse—>wyt=——>|0)|—>Y”»—>— (29)

2 2 2 \/5
8. Hadamard Gate

Hadamard gate is the most common gate in quantum
computing for creating a uniformly distribution super-
position state’®. It is defined for all zero inputs as
|Q2) = 10000 ... 00)

2n—1

|W>=H®”IQ>=ﬁ§|i> (30)
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Where H®" denotes the joint n-qubit Hadamard Gate. If
we use the Hadamard gate computation as basis vector |x)
as the initial state then the output in superposition form
is given as-

2n—1

1 .
Py=H" |Q=—= D (1" |i) (1)
| 0= = X |
Hadamard matrix is written for one qubit as -

1 (1 1
zﬁ[l —1] (32)

|x) > H— (1) |x)+]|1-x) (33)

Hadamard matrix is the (0) & 1)) comutationalbasis .

|0>—>H—>—|0>+|1> 34
NG (34)
PN il (35)

V2

8.1 Shor’s Algorithm

In the Shor’s algorithm there are two parts and in the first
where classically reduces the factoring integer problem to
a period finding problem. Then we solve the order find-
ing problem using efficient quantum implementation of
quantum Fourier transformation'.

Here Shor algorithm for N = 15 factoring is explained.
We choose number of qubit as 2n > N then make the

superposition state using Hadamard gate. We initialize the
k-1

register to | )= \/7 2|x>|0> Where 0 < x < k - 1 This

initial state is a superposmon state of k states Now we
Z | )] £ ().

Now apply the inverse quantum Fourler transform
we will get the quantum state which measures as

k=1 2ziux

2 e * |u) after that we adjust the probabil-

compute for the function f(x) = | ), =

| %)

f
ity amphtude to get the value of the r period with high
probability.

8.2 Grover’s Algorithm

Grover’s algorithm is a quantum search algorithm that
runs faster than any other classical algorithm. If there
are N entries in the search space, then the time taken to
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complete a search is O(N) but Grover’s algorithm takes
time of only O (\/ﬁ ) . The key idea of Grover’s algorithm
is that recognizing a solution is simple instead finding the
solution. We concern searching for a specific object in the
database, is by using binary oracle queries. The oracle is a
device that recognizes solution of search problem. When
x index of a search problem is given, then oracle raises a
flag as y . This algorithm uses the minimum number or
oracle queries and locates the desired object".

The following are the main step for Grover algorithm
as shown in Figure 4-

N-1
1
1. We begin with |#), =WZ|1>
i=0

2. Apply the oracle to |y)
)= (=)
)

3. Apply the quantum Fourier transform to |y)

4. Reverse the sign of all terms in |y) except for the term
|0).

5. Apply inverse QFT.

6. Return to step 2 and repeat.

8.3 Homodyne Tomography

Quantumhomodynetomography maybeareliable technique
of reconstructing quantum state in optical domain'¢. Here
tend to utilize a mode-locked Ti: sapphire laser together
with a pulse picker to get transform-limited pulses at 790 nm
with a repetition rate of 816 kHz and a pulse width of 1.6 ps.
Most of the radiation was frequency doubled in a single pass
through a 3-mm LBO crystal yielding one hundred W at
395 nm and then passed on to a 3-mm BBO crystal for down
conversion. It can be seen from figure 5(a), the orthogonally

T h Uniform distribution Equilibrium
(1) I I I I ] configuration
l Uy Quantum oracle Binary query
;1
[ I N 3'2” Amplitude of desired Sudden
- state flipped in sign perturbation
l -, Reflection about average Over-relaxation

________ .25 Desired state reached Opposite end
0 of oscillation

(4) Projection Algorithm is stopped Measurement

Figure 4. Basic step for Grover algorithm®.
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Orthogonally polarized twin beam (spontaneous parametric
down conversion corresponds to the generation of two fields,
called signal and idler, with the frequencies w_and w, out of
one field with the frequency . These are generated in the
same spatial mode. In the Spontaneous Parametric Down
Conversion (SPDC) process the energy and momentum
conservation must be held:

w, =0+ o, (36)
K,=K, +K, (37)

Idler and signal are entangled which are generated
by type II SPDC crystal (BBO) shown in Figure 5b. One
of the photon (idler) is used as a trigger signal which is

extraordinary
(vertical)

Uv=
pump

BBO-crystal » '\\7 7/;"/ ><\ jff
(or:glrr\'zao%al) HY, IV, + [V, [H),
Spontaneous Momentum Conservation
Parametric Ky Ki
Downconversion
. kPUMP
s (signal)
Pump ]
Energy conservation
(DS
Nonlinear i (idler) Dpymp|
x®@ crystal l o,

Figure 5a. (I) Generation of two orthogonally entangled
photon by type II nonlinear crystal (BBO) and energy
(wavelength) relation of orthogonally entangled photon®
(II) Energy and moment conservation in entanglement
photon generation process?'.

pulsed laser trigger beam

doubler
spatial+spectral

cow filter

converter

trigger

! detector

homodyne
detector

local oscillator

signal beam

Figure 5b. Experimental set up of quantum homodyne
tomography"’.
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used to trigger (start) to read out event of the homodyne
tomography detector. Experiment set up for Quantum
homodyne tomography is shown in Figure 6. The other
photon (signal) interferes with the local oscillator, when
they are directed onto a 50-50% beam splitter. After the
optical mixing of the signal and local oscillator, each emerg-
ing beam is directed to a photo detector (usually a linear
response photo diode). The photocurrents I and I, are mea-
sured, and finally subtracted from each other. The difference
I =1, - I is the quantity of interest because it contains the
interference term of the local oscillator and signal.

9. Read out Qubit

The two generated photons are separated into two
emission channels according to their propagation direc-
tion (Figure 5b) above. A single-photon counter is
placed into one of the emission channels (labeled trig-
ger) to detect photon pair creation events and to trigger
the readout of a homodyne detector placed in the other
(signal) channel®®.

10. Quantum State Tomography

Quantum state tomography is that the procedure of
experimentally determining an unknown quantum state
by reconstructing its density matrix. This will be done by
an explicit measurement of all the components that make
up a particular state. The polarization state of a single
photonic Qubit can be determined by taking a set of four
projective measurements which are represented by the
operators

ty =|HXH |, =| DXD|
4 =|VXV | s =| RXR|

And similarly the state of two Qubits can be deter-
mined by a set of 16 measurements (represented in the
following by |w),V = 1; 2; 3; ... 16), which are all pos-
sible combinations of the above operator 4 ® x;, where
i, j = 1, 2, 3. In general, an n-Qubit system requires 4"
measurements.

The average number of counts in the detector is given
by the formula n, = Ntr(pu,), where p is the density matrix
representing the state of the Qubit and N is a constant that
can be determined from the experimental data (includes
light intensity, detector efficiency).
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We can describe a density matrix in terms of matrix T
and it is written as —

(38)

In case of two qubit system p is dependent on 16
variables of T and matrix T is written as-

t, 000
t. +it t, 00
T= "> ° ? (39)
t, +it), ts +ity £, 0

s +ity, b5 +ity, ty+it, I,

To quantify however good the density matrix
p(t, t, ... t,) that it is in agreement with the measured
experimental information , we have a tendency to intro-
duce the alleged likelihood-function®, that represents the
deviation of the density matrix p from the measurement.
Since the expected number of coincidence counts in a
given experimental run is given by

n, =Ny |ply) (40)

The chance P thatc p reproduces the data, is given
by the coincidence measurements which has a Gaussian
probability distribution, and is given by

16 2
p:Hexp[_(“v‘NW'ﬂ"”” ] an

2NSy | ply))

Where the standard deviation p is given approximately
given by Poisoning noise, i.e. \/n, . But it is actually easier
to find the minimum of the logarithm of this function P,
which leads us to

(42)
2Nyl o))

With Af being the likelihood-function that indicates
the deviation from the observed V, coincidence measure-
ment. An example of such a reconstructed density matrix
using experimental data can be seen in Figure 6a, b and
¢ below.

16 2
=3 (n, = N{y| pl9))

11. Four Photon Interference

Schematic setup for generation of four photon linear clus-
ter states®' is shown in Figure 8. The ultra short (200fs)
pulse at a central wavelength 789nm pump laser pulse
is passed through a 300 um nonlinear crystal (BBO).
When the pulse is passed through the crystal this creates
the entangled pair as one pair in forward propagation

Vol 8 (S2) | January 2015 | www.indjst.org

[a} Single mode
fiber Be.am )
Mirror IF splitter QWP1 Polarizer
W diode _’HH%P’O Vg & 000,
laser v U |_| |.|
BBOs awe2 HWP1
HWP2
Polarizer

Single photon —
detector Coincidence
measurement

Figure 6. (a)Schematic of the experimental setup for
tomography. An interference filter (IF) with 4-nm bandwidth
was used. The tomography was implemented using quarter
wave plates (QWP), half wave plates (HWP), and polarizer’s.
(b) Histogram of the average of 300 density matrices for the
normal states. (c) Histogram of the average of 50 density
matrices for the erroneous states®.

Analyzer

fester « 211 )LD ) ) 1) ¢

TVLL 19,3010 ¥,

Figure 7.
states?!,

Experimental set-up of four photon linear cluster
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direction a, & b, and another pair of entangled pair of
photon in backward direction because pulse is reflected
back and the passage by nonlinear crystal in backward side
so it generate an entangled pair in the backward direction
a, & b,. These entangled pairs of photons are coherently
combined at the polarization beam splitter. The output of
PBS is coupled with single mode fiber and after we use
the HWP and QWP and PBS for analysis of polarization
in particular basis direction after that we detect these
photons by the single photon counting modules (SPDC).

12. Conclusion

In this paper an attempt has been made to consolidate
the various aspects of Quantum Entanglement and bring
forth the various methods adopted by various authors
to describe the computational and experimental tech-
niques to find the entangled states using tomography. The
whole attempt was to understand the complexities of the
Tomography process starting with the Bloch sphere and
define the various quantum states. Sufficient understand-
ing has been built as part of this exercise to enable either
to create an experimental set-up and computational
environment.
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