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Abstract

In this paper, the concept of tangent space for finite product of C" u - selective Banach manifolds is introduced. Using
this notion, the concept of differentiation of the mappings f: M, — N, is extended to the differentiation of the mappings
g:M xM,— N, xN,where M and N, are x, - selective and y, - selective Banach manifolds for i € {0, 1, 2}, respectively.
Moreover, the notions of vector field and tensor field over u - selective Banach manifolds are established.

Keywords: Observer, Selective Banach Manifold, Tangent Space, Tensor Field

1. Introduction

The problem of finding a mathematical model that
can change the signature of a metric on a mani-
fold was an interesting topic for both physicists and
mathematicians®#7. In 2004, it was highly expected
to be solved due to introducing the mathematical
model of one dimensional observer. Then, consider-
ing the concept of the observer over an n dimensional
manifold, the notion of selective manifold was intro-
duced. In fact, it was a realistic approach to the
problem of unity in physics®. In 2009, the concept of
a multi-dimensional observer was presented, and by
using this notion, a new version of Tychonoff Theorem
was proved, and an index for topological entropy was
given®. In 2011, the notion of synchronization for con-
tinuous time dynamical systems from the observer
viewpoint was established’. This notion is a general-
ization of synchronization, and it is proved that the
future of the points of the sets in which two dynamical
systems are relative probability synchronized are the
same up to homomorphism determined by a relative
probability synchronization®. Then, the idea of relative
metric spaces as a mathematical model consistent
with physical phenomena was considered.

Recently, the concept of the selective manifold over a
Banach space was introduced, and its properties were
studied. Also, the concept of the a-level differentiation
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of the mappings between selective Banach manifolds
was presented, and a new version of chain rule theorem
was proved for the mappings between selective Banach
manifolds. In addition, the notion of the tangent space
of a selective Banach manifold at a given point was
presented.

In this paper, the concept of tangent space for a
finite product of selective Banach manifolds is defined,
and using it, the notion of the a-level differentiation
of mappings between such selective Banach manifolds is
presented. In the end, concepts of vector field and
tensor field are introduced. In the rest of this sec-
tion, we provide some preliminaries on observers and
selective Banach manifolds.

Let M be a set, and J be an index set composed of
finite elements. A n dimensional observer on M is a map-

ping #: M — Hje] I;, where I, = [0,1] for every j € J. Let
,a:M%Hje]Ij and ;7:M%Hj€]Ij be two n dimen-

sional observers on M. We write 7 w if 7; ()< Ve (x) for
allxe Mandje J. Moreover, we write 7C « if 7 x# and
for every x € M, there exists j € | ;7j(x)<,aj(x). The n

dimensional observers #M 7 over M are defined as
(uU7);(x) = sup{z;(x), 7,(x)};

(uN7);(x)=inf{z;(x), 7,(x0)}.



Selective Banach Vector Fields

Let, T, be a collection of subsets of u for which the
following conditions are satisfied:

al) e 7, and ,{;" €7, where/;(x) = Hjej 0;
a2) ANy€z,, whenever A7€ 7,

a3) if{7,},e, is any collection of 7, then U, 7, €7,
where A is an index set.

T, And (M, n, ‘L'”) are called the u-topology on M and the
relative topological space, respectively.

The observer a is called the constant observer on M
if at least one of its elements is constant, i.e. for some
jel, aj(x) is constant for all x € M. The collection of all
constant observers on M is denoted by C. Suppose that a
and b be two constant observers on M for which a < b. If
A€ T, then A'(a, b) is defined as

{xeM|aj(x)<2j(x)<bj(x) VjeJ}

Moreover the topology that is generated by {A-(a, ) |
LE rﬂ} over M is denoted by (rﬂ)z .
Let S, c Ua,bec(rﬂ)z, S, #®,and

S={U|U=U,Ng " (a,b) & a,beC & U, €S,}.

A pair (U,, 0) is called a chart for M if U,eS and ¢ is
a one to one mapping over U, so that ¢(U,) is a C" Banach
manifold. The set D= {(U¢, | (U¢, @) is a chart for M} is
called a C" u- structure if

b1) ﬂ(M)zﬂ(UU¢esU¢);

b2) if (U@,@)ED for i € {1, 2} so that /{(U(A)=ﬂ(U¢z )
then there exist a one to one and onto map
hy:Uy »U, and a C' Banach diffeomorphism
h:¢l(U¢1)_)¢2(U¢z) such that ho¢ = ¢,0h, where
the restriction of b, to U, N U, is the identity map.

Let E be a Banach space. (M, D) is called a u - selective
Banach manifold modeled over E if D is a C* u - struc-
ture.

1.1 Definition
Let (M, D) be C" u, - selective Banach manifold for

i € {1, 2}. We write D, < D, if there exists an injective
mapping  f:U w,men,Up = U(Vw wen,V,, such  that
/{1(U¢)=/12(f(U¢)) and (f(Uq,),(bof*l)eDz’ where
(U¢, ®eD, D, and D, are called equivalent if D, < D, and
D, <D, where D, is C" p, - structure, andie {1, 2}.

- 742 | volg (8) | April 2015 | www.indjst.org

1.2 Definition

Let (M, D) be a C" u - selective Banach manifold. There

exists a C" u - structure, A, on M such that every C" u -
structure, D, on M with A < D is equivalent to A.

Any C" u - structure, A, that satisfies the conditions of

Theorem 1.2 is called a C* maximal y - structure.

1.3 Definition

(M, A, ) is called a C" selective Banach manifoldif A isa C"
maximal x - structure on M and (M \ U(U¢,¢)e 2U,) =10}

In this case, A is called a C" u - atlas.

1.4 Theorem

Let (M;,D,, ) be a C" u, - selective Banach manifold for

i€ {1, 2}. Then, (M, Xx M, Q) isa C" u - selective Banach
manifold, where

Q={U, xV, 0, %y )| Uy, p,)€Dy & (V, ,p5)€Dy ks

whenever

¢, XU, xVy//f — (¢, % ;//ﬁ)(U% X VW)

(6, X )% ¥) = (9,(x), w5 (s
and

MM, x M, —[0,1]x[0,1]

(%, y) = (44(x), 16,()).

Let (M;, Dy, ) be a C" 1, - selective Banach manifold
that is modeled over Banach space E, and a € Im Wy
where i € {1, 2}. For every a € [0,1], and every mapping
f: M — M, put Kf,az{(Uw‘P; v, ¢/)|(U¢,¢)GDM],
(Vg )€ Dy, U SV, 4(U)= 15 (V,) = .

1.5 Definition

Let the mapping f: M, — M, be as above, p € M and
r < 0. We say that fis (r, a) - differentiable at p if the
following conditions are satisfied:

cl) Kf)a;tq);

€2) 1,0f = ;s
c3) if (Vw’ w)E DM2 and

6V, = (V)

w6 (V,)=a then
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c4) if (U¢, %V, w)E Ky then the mapping
wofod™" : ¢U,) = (V) isa C - map in a neighbor-
hood of ¢(p).

Condition (c4) of Definition 1.5 implies that the definition
of the (7, a) - differentiable mapping is independent of the
choice of the charts. We say that the mapping f is con-
tinuous at p if pofo¢™" is a continuous map at ¢(p). We
say that the mapping fis (r, a) - differentiable on M if fis
(r, a) - differentiable at every p € M. If r = oo, then we say
that fis a - smooth.

1.6 Theorem

Let (M;, D), )is a C" u, - selective Banach manifold for i
e {1, 2},‘ and f: M, — M, is a map. Ifl(VV”W) eDMZ, then
there exists (U¢, @) e DM1 such that f (VV/) =U,

1.7 Theorem

Let (M,, DM,. )be a C" u, - selective Banach manifold over
a Banach space E, forie {1,2,3},and f: M, — M, and
g: M, — M, be two (r, a) - differentiable maps. Then, the
mapping gof : M, — M, is (r, a) - differentiable.

2. Tangent Space for C" u -
Selective Banach Manifolds

In this section, we discuss the concept of the a - level tan-

gent space to a C" i1 - selective Banach manifold at a given
point, and study its properties. Thorough out this section,
we assume that every vector space is defined over the field
F, where F=R or F=C.

Let (M, A, 1) be a C" selective Banach manifold over a
Banach space E, n > 1, and the mapping

WM — H Ij;
jel
is an observer, wherte =[0,1],andJ={1, ..., m}. For every
p € Mand a € Im u, we define an (r, a) - differentiable

multi-path through p as a multi-function ‘ y: (-1,1) > M’
that satisfies the following conditions:

d1) y(p) =0s
d2) ¢oy:(-1,1) > E isa C map for every (U¢, )€ A;

where U, NH-1,1)= D, ﬂ(U¢) = @, and r = 1. We denote
the set of all (r, a) - differentiable multi - paths through
pby vre
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Let (M, D,) be a C" u - selective Banach manifold
over a Banach space E, and p € M. Given two (r, a) -
differentiable multi - paths y and # passing through p, we
write y ~ 77 if

(90 ) (0)=(¢o7)’(0); (1)

for every chart

U, NMA-LD)) =@, U,NA(-LD))# P, and u(U) = a.
This relation is an equivalent relation.

By an a - level geometric tangent vector of M at p, we
mean the equivalence class [y] of an (r, a) - differentiable

(U¢,¢)eA around p, where

multi - path y passing through p. We define the a- level
" ofall
a - level geometric tangent vector of M at p, we denote it
by T;*“(M).
Let y be an (r, a) - differentiable multi-path passing
through p, (U,, ¢) € A, U, NA(~1,1)) = @, and ,u(Uq)) =q.
We define the jth component of y by

geometric tangent space of M at pas the set

7 {(=L) > U, with 57 (1) = X)NU,;
where t € y_l(U¢),j € J, and Card] < oo.

Let r > 1. The mapping }/][.]”’ is a C"map for everyje J.

Restriction ~ to U¢, we have [y]l.]"’] € TP(U¢). We define
AP ={(U,y, 9)e Al U,)=a, peU,}.

Now, we define ~” as follows: (U¢1’¢1)~,(U¢z’¢2) if
the following conditions are satisfied:
el) (])l.(U¢l ﬂU¢2) is a Banach embedded submanifold of
¢.(U, )

e2) there  exists a diffeomorphism
fi:9 U, NU,) > ¢(U,) forie {1,2}.

It is straight forward to show that there exists a bijection

RO |

structure to T;”“(M ) by transferring the structure of

Ua
H[UM] T,(U,) to T/*“(M).

Banach

[U¢’¢]TP(U¢) that gives a vector space

2.1 Theorem

Let (M;, D, ) be a C" y, - selective Banach manifold and
a€ Imuy forie {1,2},andf: M, - M, bean (r, a) -
differentiable mapping at p € M. We denote the a - level
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differentiation of fat p by d7(f), and define it as the linear
mapping
dy(f): T, (M) - T/’2 ) (M)

N1l
where y:(=11)— M|, and y(0) = p.
Let (M;, Dy, ) be a C" p, - selective Banach manifold
modeled over a Banach space E,and a € Im uforie {1,2}.

Then, M XM, isaC'u, - selective Banach manifold that is
modeled over the Banach space E, X E, where

M X M, — [0,1] by zdx, y) = (44(x), 16(y)).
Let (m,, m)) € M, x M, be given. We consider multi-
path y passing through p by:
7:(=L1) = M, XM,

A =(r(), 5 @0): A0)=(my,m,);

where 7, : (-1,1) > M, , and y,(0) = m,for i € {1, 2}.

2.2 Definition
A multi-path  p:(=1,1) > M; xM, passing through
p=(m;,m,)e M, XM, is an (r, a) - differentiable map
if (9xp)oy:(=1,1) > E, XE, is a C" map for every chart
(U¢ XV, px w)€E DMlxMz,where(U¢ X Vw) NA(-1,1)) # D,
and ,a(U¢ X VV/) =(a,a).

(dxw)oy:(-1,1) > E, xXE, is differentiable iff
(pxp)oy :(-1,1) > E, is differentiable for ie {1,2}.
Thus

d d
1y = (@), Y ),

We denote the set of all (r, a) - differentiable multi-
paths passing through p = (m , m,) by Wr<
We define the relation ~ as follows:
d(ﬁoy)( d(foz)

~ == 0)= 0);
y~7 0 ) o (0)

where Uy Pe Dyiwm,» Uy NA(-1,1)) # D, Uy, N7((-1,1))
#®, U y)=(a,a). 1t is easy to check that ~ is an equiva-

pa

lence relation on W»*. We denote by T,*“(M, X M,),

and we call it the a-level geometric tangent space to
M, XM, atp=(m,m,).
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2.3 Theorem
Let (M;,D,, ) be a C" u, - selective Banach manifold

over the Banach space E, and a € Im g, for i € {1, 2}.
Then, there exists a one to one correspondence between
T8 (M, x M,) and T (M)XT,"(M,)  that

(my,m,)

gives a vector space structure to T "X”z “(M, x M,) by
transferring the structure of T”"“(M )XT/‘A “(M,) to
m 1 m, 2

(4% 1),
T /440 (M x M,).

(my,m,)

ProOOF.
Let

f: T”IX“Z “(M, X M,) = Ty (M) X T2 (M)

f([ﬂ’]):([]/]]a[]’z]);
where (t)=((t),,(t)), and t € (-1,1). Clearly, f

X/tz)a

gives to T(” ! (M, x M,) a vector space structure by

transferrlng the structure of Trffl‘ (M1)><T1ffz2 “(M,) to
T80 (M, x M,).

(my,m,)

2.4 Definition

Let (M;, Dy )bea C'
eledover E, (N;, Dy )bea C"y, - selective Banach manifold
modeled over F,oe Imu, and g € Im 2 forie {1,2}. We
say that f: M, x M, — N, X N, is (r, a) - differentiable if
the following conditions are satisfied:

U, - selective Banach manifold mod-

f1) (hxp) o f =X

f2) there exists (U¢v,¢i)eDM_ and (
#4U,)=y(V,)=a and f(U% xU,)cV, XV,
where i e {1, 2};

f3) if (W, X Z;,7XJ)€ Dy .y »and a=y;(W,)=7,(Z;),

= 14X 46 (f (W, X Z,));

f4) (7xd)o f o(pxp) ™" :(px WU, xU,) >
is a C" map between Banach spaces.

V,»¥;) €Dy so that

then X,
(7% )V, xVy)

Let (M, A, i) be a C" selective Banach manifold. For given
p € M, we define the relation ~’ on

AP ={(U,,9)€ A|peU, and /4U,) = d};

as follows: (U¢1 ,0)~" (U@ ,¢,) if
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gl) oU, NU, ) is a Banach embedded submanifold of
¢:(U, )

g2) there exists a Banach diffeomorphism f, : ¢ (U, 4 NuU 5)
- ¢U,)

forie {1, 2}.

Clearly, ~” is an equivalence relation on A*“. By the
use of a choice function, we can choose an element of
each class. We denote the set of these elements by B>

2.5 Definition
Let f:M— UpeM (H(U¢,¢)GBP’“ R) be a maping. We say
that fis (r, @) - level differentiableif f(p)e H

(U )eB?"

and 7z¢of0¢_1 is a C" map, where (U¢,¢)6BP’”, and 7,
is the projection on the component (U,0). We denote
the set of such mappings by G*“(M). G**(M) endowed

with the multiplication and the addition of functions in
components is a vector space over R.

3. Selective (r, a) - Vector Fields

In this section, we put forward then notion of selective
(r, a) - vector fields. We suppose that (M, A, u) isa C*!
selective Banach manifold for r > 1.

3.1 Definition

A mapping X:G(M) = G"*(M) is called a selective

(r, a) - vector field with observer u if:

h1) X(fg)=X(f)g+ fX(g)for f,geG™™"

h2) X(af + g)=aX(f)+ X(g),
f,.geG ™ (M).

where a € R, and

3.2 Theorem

Let {"*'(M) be the set of C"*! functions on M, and X be an
(r,a) - vector field on M. Define the mapping

X, (M) - H R;

(U, 9)eB?*

x,(N=xC [T Heex

(U,,9)eB””

where p € M. Then X, € TP/"”(M).

Vol 8 (8) | April 2015 | www.indjst.org

PROOF.
Let f, g€ {"*'(M) be given. Then

x,(=xC [T »HC I 2w

(Uy,9)eB”” (Uy.9)eBP”

=xC [T nw-¢ IT s@»
WUy, ¢)eB/* Uy9) ¢)eB/*

+( [T fen-xC T o
(Uy,9)eBP” (Uy,9)eBP”

=x( [T Hwsw+rpxc T o).
(U, 9)eBP (U, 9)eBP

It is easy to check that XP is linear. Therefore,
X, € T‘l{"a(M).

The next theorem gives a description of X over
Uop = H(U¢’¢)€BP’“ Uy

3.3 Theorem

The mapping X is an (r, a) - Vector field on U, , if there
exists an (r, a) - vector field XY defined on U such that

x-Tx"
PrOOF.

Suppose that the (r, a) - vector field X" be given, and

= Y i r+l
X_H(Uctmew X"*. Then for given f,geG"™(U,,),
we have

x()=x [T £ IT ¢™»

(U, p)eBP* (U,,9)eBP"

=xC ] ¢

(U, $)eB?

=C IT x"™x T "™

(Uy,9)eB”” (U,.9)eBP?

H xYo (fU¢gU¢ )

(Uy,9)eB””

— H (XU¢ (fU¢ )gUw + fU¢XU¢ (gU¢ )

U, 9)eBH

= IT x™c IT #™» I ¢~

(U,,9)eB”” (Uy,9)eB”” Uy, 9)eB?”

+ T o« ITT x"™x [T ¢

(Uy9) ¢)eBP* Uy, ¢9)eB (Uy9) ¢)eB/*
=X(f)g + fX(g).

The second property is straightforward from calculus.
Therefore, X is an (1, a) - vector field.
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Conversely, let X be an (r, a) - vector field on U¢) » and
U, ¢) € B”“. We define the mapping X;]‘” onU, by

x*(n=TT&C IT .
(

Upd)  (U,$)eB"

It is to check that X" is an (r,a) -vector field on U, »
_ Us
and X = H(U¢,¢)EBP’” X

3.4 Definition
The a - level tensor product for T}f"”(M ) and (Tlf””(M )"
is a vector space ‘T;””(M )® (T;””(M )™ endowed with a
mapping

o T (M) % (T;"”(M))* - T (M)® (TI;”"’(M))*
such that for every bilinear mapping

@: T;"“(M)X(T;”“(M))* —>X

where X is a vector space, there exists a linear mapping

9: 2T/ (M)® (T (M) — X

So that the diagram of Figure 1 commutes: i.e. p= ¢o 7.

3.5 Theorem

The a - level tensor products T;*“(M)®(T;*“(M))" are
unique up to isomorphism approximation. That is for two a -
level tensor products z; :T;‘”(M)@(T;‘”(M))* — T, and
7, :T;"“(M )® (T;””(M ) =T, there exists a unique
isomorphism i: T, — T, such that the diagram of Figure 2
commutes: i.e. T, = i0T,.

PRrOOF.

First, we show that for a given a - level tensor product
7 T;””(M)X(T;””(M))* —T, the onlry mapping f :

T (M) (T, (M)’

TN

TH (M) x (T X

My
»

Figure 1. The diagram of the
T,0 (M) (T, (M)’

existence  of
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T (M) x (T (M)

—

T,

Figure 2. The diagram of the
T M) X (T (M))'

uniqueness  of

T — T’ which is compatible with 7 is the identity
mapping id, : T — T. That is the diagram of Figure 3
commutes, where f = id_. In fact, for the given bilinear
mapping z':T};‘"“(M)X(T;”“(M))* — T, there exists
a linear mapping ¢ : T — T such that the diagram of
Figure 4 commutes. Since the identity mapping satis-
fies this condition, then by uniqueness of ¢ : T — T
we have ¢ : id. Now, using Definition 3.4 for the

case that w:T;”a(M)X(T;””(M))*—)X is replaced by

7, : TP (M)X(T,*“(M))" —T,, results that the diagram
of Figure 5 commutes for a unique linear mapping
o, : T, = T,. Similarly, for 7 :T;"“(M)X(T;"“(M))* —T,
there exists a unique linear mapping ¢, : T, — T, so
that the diagram of Figure 6 commutes. Therefore, the

T
T
id
T (M= (T (M)
T T

Figure 3. 'The diagram of f =id,

!

T
Tp”’“ (M) x (Tp"’“ (M) |@
T T

Figure 4. The diagram of ¢ =id

Indian Journal of Science and Technology
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T
I
Z-1
T (M) (T M)” T
[P

Figure 5. The diagram of the existence and uniqueness of
0T =T,

T,

o,
TzT

T (M)x (T (M)— ™ T,
7

Figure 6. The diagram of the existence and uniqueness of
9L, =T,

mapping ¢,00, : T, — T is compatible with the map 7 .
Thus, ¢,00, : T, — T, is the identity mapping. Similarly,
$,00,: T, > T,is

The identity mapping since it is compatible with
the map 7,. Thus, (¢,)" = ¢, i.e. ¢, and ¢, are invertible.
Therefore, both ¢, and ¢, are isomorphisms.

4. Conclusion

In this paper, the concept of tangent space for finite
product of C" u -selective Banach manifolds is put
forward. Next, the concept of differentiation of the map-
pings f: M — N, where M and N are y-selective and
1 -selective Banach manifolds respectively; is extended
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to the differentiation of the mappings g : M, x M, —
N, X N,, where M and N, are y -selective and u -selective

Banach manifolds for i € {1, 2}, respectively. Moreover, the
notions of vector field and tensor field over u -selective
Banach manifolds are introduced.

5. References

1. Khadekar GS, Kondwar G. Spherically symmetric static
fluids in Rosen’s bimetric theory of gravitation. ] Dyn Syst
Geom Theor. 2006; 4(1): 95-102.

2. Molaei MR. Relative semi-dynamical systems. International
Journal of Uncertainty, Fuzziness and Knowledge-based
Systems. 2004; 12(2):237-43.

3. Molaei MR. Relative vector fields. ] Interdiscip Math. 2006;
9(3):499-506.

4. Molaei MR. Observational modeling of topological spaces.
Chaos Solitons & Fractals. 2009; 42(1):615-9.

5. Molaei MR. The concept of synchronization from the
observer’s viewpoint. Chankaya University Journal of
Science and Engineering. 2011; (8)2:255-62.

6. Molaei MR, Hoseini Anvari MR, Hagqiri T. On relative
semi-dynamical systems. Intelligent Automation and Soft
Computing. 2007; 13(4):405-13.

7. Santilli MR. Iso-, Geno-, Hyper-mechanics for matter, their
isoduals for antimatter and their novel applications in phys-
ics, chemistry and biology. ] Dyn Syst Geom Theor. 2003;
1(2):121-93.

Indian Journal of Science and Technology | 747 -



