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1. Introduction

Many researchers have investigate the impulsive
neutral functional differential equations in abstract
space¥*#12131415 These type of equations occur in the
study of heat conduction in material with memory and
many other physical phenomena. So it is interesting
to study the controllability of impulsive neutral inte-
grodifferential systems in infinite delay’. Balachandran
et al® discussed the controllability of impulsive neutral
functional integrodifferential systems in abstract phase
space with the help of Schauder’s fixed point theorem.
The purpose of this paper to study the controllability of
impulsive neutral functional integrodifferential systems
with infinite delay by using Nonlinear Alternative of
Leray-Schauder Type.

In this paper, we study the controllability results for
impulsive neutral functional integrodifferential evolution

*Author for correspondence

equation with infinite delay in a real Banach space E of the
form

%[u(t) =k (t, u,)]= A@)[ut) — k (£, u,)] + Gx(t)
+k2(t,uZ,J.;e(t,s,uS)ds),te], (1.1)
u,=¢eb, (1.2)

Au(t,) =1, (u(t,)), k=12,...,mt#t,,0<t <t,<...<t, <a.
(1.3)

wherek :JxB—E,k,:Jx BXE—E,e:]x]xB—E,
I : E— Eand ¢ € B are given functions, the control x(.)
is given in L(J; E), the Banach space of admissible control
function with E is a real seperable Banach space with
the norm

and {A(t)}

, G is bounded linear operator from E into E
is a family of linear closed (not necessarily

0<t<a
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bounded) operators form E into E that generates an
evolution system of operators {U(t, s)}(m)E jxyfor0<s

< t < a. The history u, : (=, 0] > X, u,(0) = u(t +
0), belongs to some abstract phase space B defined
<t <t = a,

axiomatically; 0 = ¢, <t <, < .. -
Au(t,)=u(t])—u(t, ), u(t; )and u(t,) are respectively
the right and left limits of u at ¢t = ¢,.

Sufficient conditions are establish here to get the
controllability of mild solutions which are fixed points of
appropriate corresponding operators using the nonlinear
alternative of Leray-Schauder type Leray-Schauder type

(see™™).

2. Preliminaries

We introduce the notations, definitions and theorems
which are used throughout this paper. Let PC(J, E) be
the Banach space of continuous functions with the norm
||u||_ = sup{|u(?)| : 0 < t < a} and B(E) be the space of all
bounded linear operators from E into E, with the norm
[Nl
u:]— Eis Bochner integrable if and only if |u| is Lebesgue
integrable. (For the Bochner integral properties, see
Yosida® for instance). Let L'(J, E) be the Banach space
of measurable functions u : ] — E which are Bochner

= sup{|N(u)| : |u| = 1}. A measurable function

integrble normed by || u/|,= J.a| u(t)|dt.
0
Consider the following space B, = {u : (-o0, a] = E:

u|J € PC(J; E), u, € B}, where ul] is the restriction of
uto].

In this paper, we will employ an axiomatic definition
of the phase space B introduced by Hale and Kato in'® and
follow the terminology used in''. Thus, (B, ||.|| ;) will be a
seminorm linear space of functions mapping (—eo, 0] into
E, and satisfying the following axioms:

(A) Ifu: (—e, a] = X, is continuous on J and u, € B,
then for every t € J the following conditions hold:
(i) u,isin B;
(ii) There exists a positive constants H such that
()] < Hlu I
(iii) There exists two functions K(.), M(.) : R, —
R_independent of u(t) with K continuous and
M is locally bounded such that:

|1, || < K(t) sup{|u(s)|:0< s <t} + M(t)|| g || 5 -

Denote K = sup{K(f) : t € J} and M_= sup{M(t) :
te Jh
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(B) For the function u(.) in (A), u, is a B valued function
on [0, a].

(C) The space B is complete.

REMARK 2.1

1. Condition (ii) in (A) is equivalent to [¢(0)| < H||d]|,
for every ¢ € B.

2. Since [|.|| is a seminorm, two elements ¢, ¢, € B can
verify |6 — ¢ ||, = 0 without necessarily ¢(6) = ¢,(6)
forall 0<0.

3. From the equivalence of (ii), we can see that for all
o, 0, € B such that [[0 — ¢ [|, = 0. This implies
necessarily that ¢(0) = ¢,(0).

Hereafter are some examples of phase spaces. For other
details we refer, for instance to the book by Hino et al"
and Selma Baghli et al'®.

DEFINITION 2.1

A function k, : ] x B x E — E is said to be an
L'-Caratheodory function it if satisfies:

(i) for each t € ] the function k(t, .,.) : BXx E— E ks
continuous;
(ii) for every ¢ € B, x € E the function k,(., ¢, u) : J > E
is measurable;
(iii) for every positive integer k there exists h, € L'(J, R")
such that |k,(f, ¢, u)| < h(t) for all ||ul|, < k and
almost each t € J.

In what follows, we assume that {A(#)} . is a family of
closed densely defined linear un- bounded operators on
the Banach space E and with domain D(A()) independent
of t.

DEFINITION 2.2

A family of bounded linear operators {U(t, s)}w€ N
U(t,s):E— Efor (t,s) e A:={(t,s) € Jx]J:0<s<t<a}
is called an evolution system if the following properties
are satisfied:

1. U(t, t) = I where I is the identity operator in E,

2. Ult,s)U(s,r)=U(t,r)for0<r<s<t<a,

U(t, s) € B(E) the space of bounded linear operators
on E, where for every (t, s) € A and for each u € E, the
mapping (t, s) = U(t, s)u is continuous.

@
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More details on evolution systems and their properties could
be found on the books of Ahmed', Engel and Nagel® and
Pazy™.

The proof of our result is based on the following fixed
point theorem due to Nonlinear Alternative of Leray-
Schauder Type.

THEOREM 2.1

(Nonlinear Alternative of Leray-Schauder Type’). Let X
be a Banach space, Y a closed, convex subset of E, v as an
open subset of Y and 0 € X. Suppose that N:v —> Y isa
continuous, compact map. Then either,

(C1) N has a fixed point in ; or
(C2) There exists A € (0, 1) and u € 9v (the boundary u
in Y) with u = AN(u).

3. Main Result

Before starting and proving the main result, we give first
the definition of mild solution of problem (1.1)-(1.3).

DEFINITION 3.3

We say that the function u(.) : R — E is a mild solution
of (1.1)-(1.3) if the following hold: u(t) = ¢(¢) for all
te (—o0, 0], Au |t=tk’ k=1,2, .., .; the restriction of u(.)
to the interval ] is continuous and u satisfies the following
integral equation

u(t)=U(t, 0)[¢(0) - k, (0, ¢(0))] + k, (£, u,) + J: U(t, s)Gx(s)ds

+ J; U(t, s)k, (s, ug, J.OS e(s, 7, ur)dr) ds
+ ) UGt E), te]. (3.1)

0<t <t

DEFINITION 3.4

The neutral evolution problem (1.1)-(1.3) is said to
controllable on the interval J if for every initial function
¢ € Band u, € E there exists a control x € L*(J, E) such that
the mild solution u(.) of (1.1)-(1.3) satisfies u(a) = u,.

We will need to introduce the following hypatheses
which are assumed hereafter:

(H1) U(t,s)is a compact operator whenever t — s > 0 and

there exists a constant M > 1 such that ||U(%, 5)||,,
< M for every (t, s) € A.
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(H2) The functionk,:]x B x E — E satisfies the following
conditions
(1) Foreachu:(~e0,a] - E, u =¢@ec Bandu|/e

t
PC, the function t = k, (t, u, ,J e(t, s, us)ds) is
0

strongly measurable and k,(t, ., .) is continuous
forae. te J;

(2) Thereexistsanintegrablefunctionot:J— [0, +eo)
and a monotone continuous dondecreasing
function Q : [0, +o0) — (0, +o0) such that

| k2 (t’ ¢> u) |
<a®)Q|| 9|z +||ull).te], (g, u)e B XE

(3) There exists a positive constant Lf such that

1k, (& ¢, %) = £t 55,) |
<Li(lo = lls +1% =%, D)
where0<Lf< 1, (t,d)i,xi) e JXxBXE, i=1,2.
(H3) The impulsive function I, are continuous and there

exist positive constants 3 such that || (u)|| < B,
k=1,2,..,m,foreachue E

(H4) The linear operator W : L*(J, E) — E is defined
by Wx =J.aU(a, s)Gx(s)ds, has an induced invert-
0

L'(J, E)

kerw )
there exists positive constants M, and M, such that
||G|| <M, and |[|[W™']| < M.,.

(H5) There exist a constant M, > 0 such that [|A™'(¢)]|
<M, forallte J.

(H6) The function k, : ] x B — E satisfies the following
conditions
(1) There exists a constant 0 < L < 1 such that

|A(t)k (1, 0)]
<L(||¢]|;+ 1) forallte Jand ¢ € B.
(2) There exists a constant 0 < L, < 1 such that
[A(DK (s, 0) = A(t)K,(s,, 0,)|
= Ll(lsl - Szl + ||¢ - q)z”[g)

forallt,s,s, € Jand ¢, 0, € B.
(3) Thefunction k, is completely continuous and for

anyboundedset QB theset{t—k (t,u):ue Q}

is equicontinuous in PC(J, E)

nd

ible operator W' which takes values

B(E)

REMARK 3.2

For the construction of W and W' see the paper by
Carmichael and Quinn?.
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THEOREM 3.1

Suppose that hypotheses (H1)-(H6) are satisfied and
moreover there exists a constant M, > 0 such that

|| ]l
x Q|| 2|, + Lose(|| 2 DI €]

>1,
1+ MM, M,a

+ MK
MR M,ILK,
(3.2)

with
£=0(0,14)=(K,MH+M,)|| 9|5

K
+——a I M L(M +1)(1+ MM, M,a)
1- M, LK,

+ MM, M,a(1+ M,LK )| x, | +M[M, L(1+ MM, M,a)
+ M,M,a(MH + M,LM_)]|| ||, + M, La,

+M(1+ MM, M,a) )’ dk}
k=1

then the neutral evolution problem (1.1)-(1.3) is control-
lable on (oo, a].

PROOF.

Transform the problem (1.1)-(1.3) into a fixed point
problem. Consider the operator N: B, — B, definedby:

[ ¢(t)) lf te (—oo, 0)
U(t,0)[¢(0) — k; (0, ¢(0)] + K, (£, 1,)

h(t) = +f0t U(t, $)Gx(s)ds

+J-Ot U(t, s)k, (s, u,, J: e(s, 7, u,)d7)ds
Y, L UGL W) e ). (3.3)

Using the assumption (H3), for arbitrary function
x(.), we define the control

x,(t)= w [ul —U(a,0)[¢(0) -k, (0, (0))] + k,(a, x,)
+ J’O“ U(a, s)k2 (s, u, J: e(s, 7, uz)dr) ds
0<ty<a

+ 2 U(a,tk)Ik(u(t;)):l(t).

From the hypotheses, we get
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|%,(6) = M, [y [+M(H + ML) 615
+ ML(M 4D+ ML|u, |5
MM )Rl s + Lose(l, 1)) s
+ MM Y d,. (3.4)
k=0

We shall show that using this control the operator N
has a fixed point u(.), which is a mild solution of the neu-
tral evolution system (1.1)-(1.3).

For ¢ € B, we will define the function u(.) : R — E by

(t)_ ¢(t)) l_'ftE(—W,O]
R0, 000) ifted,

Then x, = ¢. For each function z € B, set
u(t) = z(t) + y(t). (3.5)

It is obvious that u satisfies (3.1) if and only if z satis-
ﬁeszO: Oandforte J, we get

z(t)=g(t,z, +y,) = U(t, 0)k (0, ¢(0)) + J(: Ul(t, s)Gx,(s)ds

t s
+IO U(t,s) xk, (s, zZ,+ Y, J-O e(s, ,z, + yr)dr) ds

D UL () + y(t) e T,

0<t, <t
Let B) ={z € B, : z, =0}. For any z € B} we have
[|z||, =supi|z(t)|:t € J} +|| 2, ||z = supf| z(t) |: t € J}.

Thus (Bg, [|. ||a) is a Banach space. Define the operator

F:B? — Bby:

F(2)(t)=k,(t,z, + y,) = U(t,0)k, (0, $(0)) + J;: U(t, s)Gx,(s)ds
+J.0 U(t,s) xk, (s, z, + yS,J.O e(s, 7, z, + yr)dr) ds

+ 2 Ut t,)I, (z(t;)+)/(t2))- (3.6)

0<t, <t

Obviously the operator N has a fixed point is equiva-
lent to F has one, so it turns to prove that F has a fixed
point. The proof will be given in several steps.

Let us first show that the operator F is continuous and
compact.

Indian Journal of Science and Technology
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Step 1. F is Continuous.

Let (z,) be a sequence in B such that z — zin B
Then using (3.4) and k, is L'-Caratheodory, we get , we
obtain by Lebesgue dominated convergence theorem

|E(z,)(t) = F(2)(t)] = 0 as n — +oo.
Thus F is continuous.

Step 2. F maps bounded sets of BY into bounded sets. For
any d > 0, there exists a positive constant / such that for
eachze B,={ze B):||z||, < d} one has ||F(z)|| <.

Let z € B,. By (3.4) and using the assumption (A1),
we get

lz, + v, s <l 2 lls +11 v, lls SK ()| 2(5) [+ M(5)]| 2, ||
+ K (s)[x(s) [+ M(9)[| %, ||
<K, |z(s)|+(K,MH+M,)|| 9|3 -

Seta, = (K MH + M )||0]|;and b = K d + a . Then
||Zs+y5||BSKa|Z(S)|+a1Sb‘ (37)

Using the nondecreasing character of Q, we get for
eachte |

| F(2)(t)|<[MM, + M,LH + MM, M,aM(H + M,L)]|| ¢|| 5
+ MM, M,a|u, |+ MyL[M +1+b+MM,M,a(M +1+b)]

+ M(1+ MM, M,a) j: a(s)Qb + Ly y(b))ds

+M(1+ MM, M,a) Y d, :=l.
k=0

Thus there exists a positive number [ such that
|F(z)(t)| < L

Hence F(B,) C B,
Step 3. F maps a bounded sets into equicontinuous sets
of Bg. We consider B, in Step 2 and we show that F(B) is
equicontinuous.

Lett, T € Jwitht,>1 andz€ B,

By the inequalities (3.4) and (3.7) and using the
nondecreasing character Q, we get

x,(0)|< M, [|u1 |+ M(H + M,L)[0], + MyL(M +1)
+ ML, |, |+ M, Mo, b+ Lou®))ds
+M2Mzm“ dy=w (3.8)
k=0

Noting that |F(z)(t,) — F(z)(t,)| tends to zero as
T, — T, — 0 independently of z € B,. The right-hand
side of the above inequality tends to zero as T, — , — 0.
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Since U(t, s) is a strongly continuous operator and the
compactness of U(t, s) for t > s implies the continuity in
the uniform operator topology (see>'®). As a consequence
of Steps 1 to 3 together with the Arzela-Ascoli theorem
it suffices to show that the operator F maps z € B ,into a
precompact set in E.

Let t € Jbe fixed and let € be the real number satisty-
ing 0 < e <t. For ze B, we define

E (2)(t)=k,(t,z, + y,) - U(t,0)k (0, $(0))
+UG1—€) ;_EU(t— €.5)G x, (s)ds
LU t—€) ;_GU(t— &)k, (s.2, + .,

re(s, 7,2, +y,)dr)ds

0

+UGt-€) Y Ult-&9)|1(z(ty) +y(t; )]

0<t <t-€

Since U(t, s) is a compact operator, the set z_(t) =
{F_(2)(t) : z € B} is precompact in E for every € suffi-
ciently small, 0 < € < t. Moreover using (3.8), we have

[0 - E@O]< M U6, 5)ace ds

+Q(b+ Lyu(b)) J:_E”U(t, scer o) ds

+ ) Jues), , dk.
k=0

Therefore there are precompact sets arbitrary close to
the set {F(z)(t) : z € B}. Hence the set {F(z)(t) : z € B} is
precompact in E. So we deduce from Steps 1, 2 and 3 that
F is a compact operator.

Step 4. For applying Theorem 2.1, we must chect (C2): i.e.
it remains to show that the set

{={ze€ B*:z=\F(z) for some 0 <\ < 1}

is bounded.
Let z € {. By (3.4), we have for each t € |

|2(t)| < MyL(M +1)(1+ MM, M,a)+ MM, M,a|u,|
+ M| My L(1+ MM, M,a)+ MM, M,aH ][0,
+ MM, M,aM,L||z, + y, |ls +M,L||z, + y, |5
+MQ+ MMlea)J.: o(s) Q Q| z,+y. |l 5
+ Lou(|| 2, + y. ||5) ).

+M(1+MM,M,a) Y d,.
k=1

Indian Journal of Science and Technology | 585 -
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Noting that we have ||z, + y ||, < K |u,|+M ||¢]| ; and
using the first inequality ||z, + y ||, < K |2(s)| + a, in (3.7),
then by nondecreasing character ), we obtain
|2(t)| < MyL(M +1)(1+ MM, M,a) + MM, M,a(1+ M,LK,,)|u

+ M[ M,L(1+ MM, M,a)+ M,M,a(MH + MyLM,)) | |¢||B

+ MyL(K, |2(t)]+a,)+ M(1+ MMlea)z d,

k=1
+ M(L+ MM, M,a) j: () Q (K, |z(s)|+ )
+Lyu(K, z(r)| +a+ 1))ds.
Then

(1= MyLK,,)|z(t)| € MyL(M +1)(1+ MM, M,a)
+ MM, M,a(1+ M,LK )
+ M[ M,L(1+ MM, M,a)+ M,M,a(MH + M,LM,)) ]| 0|

|

+ MyLa, + M(1+MM,M,a) ) d,
k=1

+ M+ MMlea)J: a9 Q (K,
z(1)| +a, ))ds.

z(s)| +a,)

+L,u(K,

Set
K
p=a +———
' 1-MIK,
+ MM, M,a(1+M, LK) u,|
+M [MOL(I + MMlea) + Mlea(MH +MyLM, )]"(l)"B

{M,L(M +1)(1+ MM, M,a)

+ ML, + M(1+ MM, M,a) )" d,}.
k=1

Thus

MK
K |z{#t)|+a, £ f+—2—
ool +a<p 1- M, LK,

(1+ MMlea)JOa a(s) @ (K, |2(s) +a,)

+Lyu(K, |z(‘c)| +a, ))ds.

We consider the function r defined by

r(t) =sup{K, |z(s)| +a, : 0<Ss<t},0<t<a.

Let t+ € [0, t] be such that r(t) = K |z(t*)| +a.Ift€ ],
by the previous inequality, we have t € |

- 586 | volg (6) | March 2015 | www.indjst.org

MK
r(t) < f+——o—
1- M, LK,

x(1+ MMlea)J.: ()R ((r(s)) + Lopu(r(2)) )ds.

Set &(t) := max(a(s)) forte J

1+ MM, M,a

r(t)< f+ MK
O<p ¢ 1-M,LK,

x jon(s)Q((r(s))+ Lo(r(x)) )ds.

consequently,

[l <L

xQ(|lz Il +Lou(l )],

g4 vk MMMy
“ 1-M,LK,

Then by (3.2), there exists a constant M, such that
||z]|, # M,. Set v={z € B):||z]|, < M, + 1}. Clearly vis a
closed subset of Bg. From the choice of u there isno v e dv
such that z = AF(z) for some A € (0, 1). Then the statement
(C2) is theorem 2.1 does no hold. As a consequence of
the nonlinear alternative of Leray-Schauder type([7]), we

deduce that (C1) holds: i.e. the operator F has a fixed point
zx. Then u * (t) = z * (t) + y(t), t € (oo, a] is a fixed point
of the operator N, which is a mild solution of the prob-
lem (1.1)-(1.3). Thus the evolution system (1.1)-(1.3) is
controllable on (—oo, a].
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