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Abstract

In the present paper, conservation laws of the tri-Hamiltonain system of equations Whitham-Broer-Kaup (WBK) are
investigated by applying the first homotopy formula. Hamiltonian symmetries of the system are constructed by using the
corresponding Hamiltonian operators and the conserved densities.
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1. Introduction

The system of equations Whitham-Broer-Kaup (WBK)

1 1
ut:uux+vx—Euxz,tz(uv)x+5vx2, (1)

is equivalent under a change of variables, to a system
of Boussinesq equations modelling the bi-directional
propagation of long waves in shallow water, first found by
Whitham?, Broer? and Kaup*.

Lie symmetry analysis for the WBK equations was
derived by Z. Zhang, X. Yong and Y. Chen'% In addition,
they found conservation laws of the system of equations
WBK by means of scaling symmetry. Kupershmidt®,
showed that the physical system is integrable by inverse
scattering and subsequently showed that this system is
tri-Hamiltonian.

Our paper is organized as follows. In section 2, we
analyze the three Hamiltonian structures associated with
the Hamiltonian description of the system of equations
WBK and probe Jacobi identity as well as compatibility
of the three structures using the method of functional
multi-vectors. In section 3, we construct conservation
laws of the system by considering multipliers of order
three. In section 4, we deduce Hamiltonian symmetries
of the WBK equations from the Hamiltonian operators
and conserved densities. In section 5, we summarize our
results.

*Author for correspondence

2. Hamiltonian Operators

In this section, we will provide the background definitions
and results in Hamiltonian operators that will be used
along this paper. Much of it is stated as in’.

Let x=(x',---,x?) denote the spatial variables, and
u=@',---,u?) the field variables (dependent variables),
so each u® is a function of x',---,x? and the time t. We
will be concerned with autonomous systems of evolution
equations

u, = Klul, (2)

in which Klu]= (Kl[u],---,Kq[u]) is a g-tuple of
differential functions, where the square brackets indicate
that each K_is a function of x,u and finitely many partial
derivatives of each u* with respect to xoxf A system
of evolution equations is said to be Hamiltonian if it can
be written in the form

u, =D.E (H), )

Here H[u]= JH [u]dx is the Hamiltonian functional,
and Hamiltonian function H[u] depends on x,u, and the
derivativesofthe w’swithrespecttothexs; E, = (E,,---,E,)
denotes the Euler operator or variational derivative with
respect to u. The Hamiltonian operator D is a g x g matrix
differential operator, which may depend on both x,u,
and derivatives of u (but not on t), and is required to be
(formally) skew-adjoint relative to the L*-inner product
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<f,g>= Jf.gdxz IZf“,g”dx , s0 D"=-D, where *
denotes the formal L? adjoint of a differential operator. In

addition, D must satisfy a nonlinear “Jacobi condition”
that the corresponding poisson bracket

{P.Q} = [E, [P).DE, [Qldx, 4)

P= J-P[u]dx, Q= J-Q[u]dx,

satisfies the Jacobi identity. In the spatial case that D is
a field-independent skew-adjoint differential operator,
meaning that the coefficient of D do not depend on u
or its derivatives (but may depend on x), the Jacobi con-
ditions are automatically satisfied; For more general
field-dependent operators, the complicated Jacobi con-
ditions can be considerably simplified by the “functional
multi-vector” method which is described in detail in’.
Multi-vectors are the dual objects of differential forms. To
preserve the notational distinction between the two, we

use the notation &} for the uni-vector corresponding to

the one-form duf; thus a vertical multi-vector is a finite
sum of terms, each of which is the product of a differential
function times a wedge product of the basic uni-vectors.
The space of functional multi-vectors is the cokernel of
the total divergence, so that two vertical multi-vectors
determine the same functional multi-vector if and only
if they differ by a total divergence. The functional multi-
vector determined by © is denoted, suggestively by an

integral sign: © = Jédx . In particular, Jédx =0 if and

only if ©=Div¥ for some vertical multi-vector ¥ . This
implies that we can integrate functional multi-vectors by
parts:

jé) A(D,¥)dx = —J(Di(:)) AWdx. (5)

The principal example of a functional bi-vector is that
determined by a Hamiltonian differential operator D,
which is

Oy = [0AD(O)dx. 6)

Finally, define the formal prolonged vector field

)
@] s Y

which acts on differential functions to produce
uni-vectors. We further let prv,¢ act on vertical multi-
vectors by wedging the result of its action on the coefficient
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differential functions with the product of the &s. Since
prvp¢d commutes with the total derivative, there is also
a well-defined action of prvy# on the space of functional
multi-vectors, which essentially amounts to bringing it
under the integral sign.

By virtue of the following theorem, one can deter-
mine whether or not a differential operator is genuinely
Hamiltonian. Let D be a skew-adjoint differential opera-
tor with corresponding bi-vector ©, as above. Then D is
a Hamiltonian operator if and only if

prvp,(©5)=0. (8)

The proof that (8) is equivalent to the Jacobi identity for
the poisson bracket determined by D can be found in (9).

The system of equations WBK admits three
Hamiltonian operators

0 D 2D D, .u-D:
DO — x , D1 — X , X X , (9)
D, 0 uD_+D? 2vD_+v,
Db - 4uD +2u, 4vD +2v +D (D, - u)?
"\ 4D, +2v, +(D, +up’D, (D, +u)@vD, +v,)—(2vD, +v,)D, —u) )

and so can be written in Hamiltonian form in three
distinct ways,’. The skew symmetry of these Hamiltonian
structures is manifest. The Proof of the Jacobi identiy for
this structures as well their compatibility can be shown
through the standard method of functional multi vectors.
Since the coefficients of the operator D do not depend on
u or its derivatives, then D is automatically a Hamiltonian
operator. For the operator D it is sufficient to prove that
prvp, ‘9(®D1 )=0, where ®D1 is the corresponding func-

tional bi-vector and #=(4,¢{) s.t 0 and { are the basic
uni-vectors corresponding to u and v respectively.

We can construct the bi-vector associated with the
structure D, as

O, :%j{w D, 4} dx (10)

= %J{Zﬂ/\ O AuINE +u IN=ONE,

Ul ANO A+ NG, +2vIAE +v (A dx
So, by using integration by parts
G)D1 =%J.{219/\z9x F2ulANO —ONE +INO +2v AL T dx

(11)
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In continuation, we apply prolongation relations in
order to prove the Jacobi identity.

perlﬂ(u)ZZﬁx +u4:c +ux(_ 4Vxx’ (12)
perIH(v) =ul, +0, +2v{ +v. (13)

prvp /O )= [1Q0, +ug, +u,l=5)  (14)
AANO AWl + 0 +2v{ +v . OANIAL Tdx

again by using integration by parts, relation (8) for the
operator D, is obtained. Thus, D, is a Hamiltonian opera-
tor. Similarly, the operator D, is Hamiltonian. Therefore,
the system of equations WBK is tri-Hamiltonian, meaning
that it can be written as a Hamiltonian system using any
one of the three Hamiltonian operators. Concentrating
on the simpler Hamiltonian operators D and D , the cor-
responding Hamiltonian functionals are respectively

1 1 1
Hozj——uxv+—u2v+—v2dx, (15)
2 2 2

H, =J-%uv (16)

Furthermore, any two of these operators form
a Hamiltonian pair, namely, not only are D, and D,
i,j=1,---,3 genuine Hamiltonian structures,anyarbitrary
linear combination of them is as well. In the following, we
show that the Hamiltonian operators D, and D, form a
Hamiltonian pair. So, it is sufficient to prove that

perO(/(®D1 )+ pWDlﬂ(®D0 )=0, (17)
where @DO and ®D1 are the bivectors correspond-

ing to the Hamiltonian structures D and D , respectively.

Since D, has constant coefficients, PWDIH(GDO )=0,
So we only need to verify perlﬂ(G)DO)zo where

peroﬂ(u) =¢ , PWDOH(V) =0, Hence,

PV (@)= [nG AL +0, AEALYAX=0 (18)

In a similar way, Hamiltonian operators D, D, and D,
D, are compatible. As a result we can state the following
proposition: The system of equations WBK admits three
Hamiltonian operators D,D,D, and so it can be writ-
ten as a Hamiltonian system using any one of the three
Hamiltonian operators. In addition, any two of these
operators form a Hamiltonian pair.
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3. Conservation Laws

Consider a system of N partial differential equations of
order n with p independent variables x = (x',...,x") and
q dependent variables u=(u',...,u?), given by

A, (x,u™)=0, v=1,...,N. (19)

A conservationlaw of a PDE system (19) is a divergence
expression

D,P +...+D,P =0 (20)

holding for all solutions u= f(x) of the given system.
In (20), P.(x, u)i=1,.. ., p, are called the fluxes of
the conservation law, and the highest-order derivative r
present in the fluxes is called the order of the conservation
law.

If one of the independent variables of PDE system (19)
is time t, the conservation law (20) takes the form

D,T+DivX=0 (21)

where Div is the spatial divergence of X with respect to
the spatial variables x = (x',...,x") . Here T is referred to
as a density, and X =(X,,...,X ) as spatial fluxes of the
conservation law (20). The conserved density, T, and the
associated flux, X=(X,,...,X P), are functions of x,t,u
and the derivatives of u with respect to both x and ¢.

In particular, every admitted conservation law arises

from multipliers A" (x,u") such that
2" (e, ™A (x,u™)=D,P.(x,u™) (22)

holds identically, where the summation convention is
used whenever appropriate. Through this approach, the
determining of conservation laws for a given PDE system
(19) reduces to finding sets of multipliers.

By direct calculation, one can show that the
Euler operators annihilate any divergence expression
D,P.(x,u”). Thus, the following identities hold for
arbitrary function u:

E (DR (xu")=0, j=1,...q. (23)

The converse also holds. Specifically, the only scalar
expressions annihilated by Euler operators are divergence
expressions. In continuation, the following theorem is
applied which connecting multipliers and conservation

laws. A set of multipliers {ZV(X,U(Z))}L yields a

conservation law for the PDE system (19) if and only if
the set of identities
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v () (n)yy _ ;
Euj(i (% u)A (x,u™))=0, j=1,...,q. (24)

holds identically. See' for more details.

The set of equations (24) yields the set of linear
determining equations to find all sets of conservation
law multipliers of the PDE system (19) by considering
multipliers of all orders.

In this section, we construct conservation laws for the
system of equations (1). Consider the multipliers of the
form

1
A (6t th Uyt 55U 35V,V,0Y 55 3),
2
Al U 5 U 5V VY 55 5) (25)

for the system of equations (1). The determining equations
for multipliers is

Eu[/il(ut —uu, +v, —%u ,)1=0, (26)

Eu[i2 (v, —(uv), +%vx2 )]=0,

1
E, 4 (4, —uu, +v, —Su ,1=0,

E,[2(v, - (uv), +%vx2 )1=0

Therefore, after straightforward but tedious calcula-
tion, we conclude that

1 2
A= (252u+c3)v2 +((v,+-u, +—u3)c2
3 3
+eu ot e, +2c,u)
1 1 )
+(gvx3 +§uxvx +v.u +§uvxx)c2

1
+cv, te (gvxx +uv,)+c,

27)

iZ _ 1 4 1 3 2

=——c,u +§c3u +((2v—u,)c, +c,u

2
+(§czuxx +c,(2v—u,)
1 1 R 1,
+cll‘+c5)u+(§vx2 el +v —uxv+5ux )C,

+ex+c,(2v—u,) (28)
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+§c3ux2 +c,
where ¢;»i=1,---,7 are constants. In continuation, we
apply the first homotopy formula which is due to bluman
and Anco to construct conservation laws of the system
(1). It is described in detail in®.
In the following, conserved vectors are represented
by two components T, and T, which are conserved

density and flux respectively. So, we obtain the following
conserved densities and fluxes.

CASE 1:

A=tv, 2 =tu+x
bl

T, =tuv +xv,

1 1 1 1
T,==v—xuv+—tuv—uv )——xv. —tu'v——t>
2 2 2 x x 2 x 2

CASE 2:
1 2 1 1
1 2 3
A =2uv" +vv, +§V“xx +§vu +gvxxx +§uxvx

2 2
+v.u +§uvm,

2 =lu4 +2vu’ —ulu, +%uuxx +lvxx —luxxx
6 3 3 6

1
+v2—uxv+5ui,

1 3 2. 2 ]- 4 1 2
T=—v+vu +-uv+—u-(uv, —vu.)
1 3 6 4 x X

I 5, 1, 1
——u Vv +—uv+—uvy,
3 6 3

1 1 2, 1
+§uuxvx +5uvuxx +§u Vix +gVVxx

1 4 1
T, = —w —— v —=v*? +—vu2ut
6 3 4

1 1
- vau4 +uviu, + gutv2
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T W m vy — o,

Lo, 1 1,
-V —v.vV.——uuyv
X 6xt 6 XX

1
+§uvxut =3Vt +guvxuxx ~ g M

1 1
+g"”x"x + 3 U

v a2 1 5 1 2
o v+gvu e = Wi ~ g W Vi

1 1
+Evtxux _Eutxvx

1 1 1 1
—Evtuxx +Eutvm +E‘Vl/l

1 1 2
vax xx_E x%x

1 1
- g VXVXX + g Vuxuxx

CASE 3:

1
A=v vl +uv +—v A
3

1 1
=§u3 +2uv —uu, +§uxx,

1 1 1
T =—vi’ +uwv’ ——vuu_+—v u’°
3 3

1 1
+gvum +guvxx,

1 3 1 1 1
T,=—=v' —=v’ ——u*v+-uvy, ——ulv
3 2 3 3 6
1o, 1 5
—ng +EVM U,

TUVY, — U Y +5uxv +gvxut

1 1
+g“x"t + g””x"x
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1
_g"”tx uv,,
CASE 4:
/21=2uv+vx,f=u2+2v—ux,
1 1
T, =vi> +v' —=vu_+—uv,,
2 2
T, = 2uv’ —vu’ +uvu, —vv,
1 1,
+5MxVX—Equ
1 1
——uv, +—vuy,
2 2
CASE 5:
A=y, P=u,
T, =uv,
1 1 1
T, = —vu® —=v? +—uv——uv,
CASE 6:
A'=1,7=0,
1,1
T=uT,=-v——u +—-u,
CASE 7:

4, Hamiltonian Symmetries

The correspondence between Hamiltonian symmetry
groups and conservation laws for systems of evolution
equations in Hamiltonian form is known as Nother’s
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theorem, after the prototype [8]. This relationship has
been analyzed extensively by Olver®, Wilson'?], Gel'fand
and Dikii®. As we remarked in the last section, Any con-
servation law of a system of evolution equations takes the
form

D,T+DivX =0,

in which Div denotes spatial divergence. Note that if
T(x,t,u™) is any such differential function, and u is a
solution to the evolutionary system u, = K[u], then

D, =0, T+prv(T). (29)

where d, =d/dt denotes the partial t-derivative. Thus
T is the density for a conservation law of the system if and
only if its associated functional T satisfies

0T /0t +prv,(T)=0. (30)

In the case our system is of Hamiltonian form, the
following proposition® is used. Let D be a Hamiltonian
operator with poisson bracket (4). To each functional
H= |Hdx, there is an evolutionary vector field vy,
called the Hamiltonain vector field associated with H,
which satisfies

prvy (P)={P,H} (31)

for all functionals P. Indeed, vy has characteristic
DoJH = DE(H) . Hence, the bracket relation (31) immedi-
ately leads to the Noether relation between Hamiltonian
symmetries and conservation laws.

So, for the system of equations WBK, generalized
symmetries which are Hamiltonian can be deduced from
conserved densities by using the Hamiltonian operators.
The system of equations Whitham-Broer-Kaup admits
Hamiltonian symmetries with the following characteris-
tics, in the case of the Hamiltonian operator D,

Q{J Zut’QI/:vt’ Qg:“x’Q; va

Qy =tu +1,Q; =tv,,

1
Q) =(—u +2v)u, —uu_ + 3 Uy, T2uv,,

v _ 2 1
Qi=vu, tuv +uv, +5vxxx,

1, 5 2 1
Qi==uu_+-—u’"—-u_u ——vu_+—uu
5 3 X xx 3 X XX 3 XX 3 XX
2 2
+§uumx—gumm+2u v,
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1 2 1
v _ 2
Qs =2u v +v, u, —gvxux +§vxuxx +§vum

2 2
+§qu3 +§vx2 +v i

1 2 1
+§V‘Vxx ——uv, +§uvxxx +gvxxxx‘

Also, generalized symmetries corresponding to the
Hamiltonian operators D, can be deduced from the con-
servation laws. Thus, the Hamiltonian symmetries relative
to D, are

Q' =u,Q =v,

u _ v _
Q, =2tu, +xu, +u,Q, =2tv,
+xv, +2v,

Qi =4uv, +4vu, +u(-u, +2v )

2
+uu, +2v—u, +u

xxx

v P
Q; =2uv, +4v. u, + 2uvx2 Vo

+avw +ulv +2v—u,

2
U_n2 A 2 _ 2
Q =2u’v, + 3 Vi —2Uu” +4vuu, —u u

4 2, L1 3
+§uum+2u v, +§uxu

10 1
+?uxum —2v.u, —2vu, _Eu"m’

4 4
v _ .3 2, = i
Qi=uv, +v u + 3 w,., +2v u, + 3 Vol

1
2 2
+v U +§vxm —2u’v

2
2
+u v —2vuu,, +§vuxxx

1
+ovuy, +—v u’.
3
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5. Conclusion

In this paper, the tri-Hamiltonian system of equations
Whitham-Broer-Kaup is studied. conservation laws of
the system by considering multipliers of order three
are constructed. Moreover, generalized symmetries of
the system of equations WBK which are Hamiltonian
are obtained by using the Hamiltonian operators and
conserved densities.
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