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Abstract

Elastic instability (buckling) results for a bimodular laminated plate based on a modified higher order plate theory with
seven kinematic variables are presented. Buckling coefficients obtained by the present theory are compared with the
Mindlin plate theory (first order plate theory) results higher order plate theory results. A detailed parametric study is
carried out to investigate the influence of bi-modularity, thickness ratio, aspect ratio and lamination scheme on the critical
buckling load response. The present modified higher order plate theory satisfies the stress-free boundary conditions and
predicts buckling loads very accurately. Also, the benefit of significant simplification can be observed as compared with the

Lo et al. higher order plate theory.
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1. Introduction

Laminated fibrous composite plates are extensively being
used in different industries such as aerospace, aircraft,
automobile and audio industries to fabricate structures
with high performance. They are attractive replacements
for conventional metal plates, but their analysis and
design are more complex than isotropic metal plates due
to material anisotropy’.

The modern theory of elasticity assumes that the
strain (deformation) of an elastic material is proportional
to the stress applied to it. Generally the elastic moduli
that connect stress and strain rely on the orientation of
the coordinate axes. Many researchers have demonstrated
that some materials, behave differently in tension and
compression. These include for example, tyre cord-rubber
materials, ceramics, graphite, and some composites®.
These kinds of materials are called bimodulus, bi-modular,
bilinear or different-modulus materials®. Because of non-
linearity behavior of these materials, a bilinear model is
required as an approximate method of representing the
moduli. Studies of the behavior of bimodular materials
are of practical importance as a result of increasing use of
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these materials in structures.

It is necessary to develop a model to predict the
response of bimodular composites, but the analysis of
bimodular materials is more complicated than ordinary
materials since the elastic modulus depend on the signs
of the stresses.

The concept of a bimodular structure was introduced
by Timoshenko*. The basic material model describing
the behavior of bimodular materials was introduced
by Ambartsumyan and Khachatryan®. The bending of
bimodular material plates has been studied in some
published researches; Shapiro® considered the very
simple problem of a circular plate subjected to a pure
radial bending moment at its edge. Kamiya’ used a
numerical analysis for a high-polymer circular shell
subjected to a uniform internal pressure. Results showed
that the distribution of axial and circumferential bending
moments in the circular shell varies with the difference
between the tensile and compressive moduli of elasticity.
Also, Kamiya® treated large deflections of a different-
modulus elastic plate subjected to a uniform lateral load
by the finite difference method. Kamiya also applied
the energy method to the large deflection analysis of a
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rectangular bimodular plate based on thin plate theory®.
More recently, Sun et al.’’ reviewed mechanical problems
with different moduli in tension and compression.

The results suggested that researches should be
concentrate to the laminates with a large E'/E° ratio. A
macroscopic model analysis of bimodular fiber-reinforced
composites made by Bert! and the results agree with
experimental tests. Bert'? used the macroscopic material
model to study bimodular composite laminated plates
using the finite element method. Also, Bert et al. extended
this work to the vibrational analysis of thick rectangular
plates® and cylindrical shells" of bimodular composite
materials. The finite element analysis of bimodular
laminated plates by Reddy et al."* uses a displacement
finite element method and Bert et al.'® use a mixed finite
element method, in the context of Mindlin plate theory.

Few works of the buckling problem of bimodular
laminates have been published in the literature. Jones'®"
investigated the buckling of circular cylindrical shells
and stiffened multilayered circular cylindrical shells on
the basis of the Ambartsumyan model’. Bert and Reddy'®
used a closed form and finite element method to study
the vibration and buckling of thick shells of bimodular
composite materials. The buckling load is found by
determining the lowest axial compressive load for which
the natural frequency is also the lowest.

Hajmohammad et al.” used Genetic algorithm
approaches for the optimal design of composite laminates
subjected to the axial compression loading. All subjects
related to the anisotropic elastic plates are collected from
published results have been rewritten using a unified
notation by HWU®.

Reissner’ and Mindlin** presented generalizations
of classical plate theory incorporating transverse shear
deformation by using a transverse shear correction factor.
The incremental displacements are assumed to be of the
following form:

ui(x, y,z,t) = u(x, y,t) + 2z, (x, 1)
ﬂz(x,y,z,t):uy(x,y,t)—i—zgox(x,y,t) ()
a?) (.x,y,Z,t) - W(x’y’t)

. where z is the coordinate normal to the middle plane
U, U, and w are displacements of the neutral surface. ¢_
and ¢ account for the effect of transverse shear. Despite
the increased generality of the above theory the related
flexural stress distributions show only little advancement
over the classical laminated plate theory.

Recently, several exact solutions for composite material

- 2 | vols (17) | August 2015 | www.indjst.org

structures have been developed which indicate that
Mindlin-type theories with five kinematic parameters do
not adequately model the behavior of highly orthotropic
composite structures. Therefore, a suitable higher-order
plate theory is necessary to improve the accuracy of
Mindlin-type plate theory.

The higher-order terms are needed in the power
series expansions of the assumed displacement field
to properly model the behavior of the laminates. Many
different higher-order theories**?* have been proposed
for the analysis of composite plates. A theory was given
by Nelson and Lorch® for application to laminates,
employing nine generalized coordinates in the kinematic
assumptions. This higher-level theory is based on the
assumed displacement forms:

w = (u, +2zp,+2°¢,)
w=(u, +2p,+2°¢) (2)
us =(w, +zp, +2°¢)

The higher-order theory extends classical theory to
include transverse shear, transverse normal and quadratic
displacement terms in the kinematic assumptions. In
these higher-order shears deformation theories the
conditions of zero transverse shear stresses on the top and
bottom surfaces of the plate are not satisfied, and a shear
correction to the transverse shear stiffness is required.
Reddy* provided a new theory in which the displacement
field chosen is of a special form. This requires the use of a
displacement field in which the in-plane displacements are
expanded as cubic functions of the thickness coordinate
and the transverse deflection is constant through the plate
thickness. This displacement field takes the form

w=u, +zp +2°¢ +2°¢,
w=u,+2zp,+2°¢, +2°0, (3)

53 =W,
The field satisfies the condition that the transverse
shear stress vanishes on the top and bottom surface.
§, and § equal zero. ¢ and ¢ are functions of other
variables. The theory has the same unknowns (five
variables) and, moreover, for a non-linear variation of
the transverse shear deformation through the thickness,
there is no necessity to use shear correction coefficients in
computing the shear stresses®.
Lo et al.?**” extended the displacement form as follows:
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wm=u, +2p, +2°¢ 4729,
w=u,+zp,+2°¢, +2°0, (4)
a3 :Wx +Z§02 +ZZ£Z

A critical review of plate theories by Bert*® indicated
that the theory of Lo et al.?’ gives an exact prediction of
the non-linear bending stress distribution. Brunelle and
Robertson® proposed a semi-experimental formulation
for an arbitrarily initially stressed thick plate. Using these
equations, the effect of bending stress on the buckling
response was studied.

A series of studies®
composite plates was published by Chen and Doong. They
derived the governing equations of a bimodular composite
thick plate in a general state of variable initial stress by

regarding homogeneous and

the average stress method and studied vibration® and
buckling® responses of bimodular thick plates. Obviously,
the buckling characteristics of bimodular material plates
are different from those of homogeneous plates. The post
buckling behavior of a simply supported rectangular
bimodular thick plate subjected to a pure bending stress
plus an extensional in-plane stress was studied by Chen
and Doong*¥. The results are shown that bimodular
properties and in-plane bending stress have significant
effects on the post-buckled deflections of bimodular thick
plates. At this work a deeply study by using higher-order
shear deformation theory is performed to study buckling
response of single- and two-layer cross-ply bimodular
laminated plates. The aspect ratio, thickness ratio and
bending stresses were shown to investigate effect of the
buckling coefficient K_, for bimodular materials.

Moreover numerous analytical and numerical
methods have been proposed for buckling and post-
buckling analysis of different types of composites
structures (example®*~°).

At this work a deeply study by using higher-order
shear deformation theory is performed to study buckling
response of single- and two-layer cross-ply bimodular
laminated plates. The aspect ratio, thickness ratio and
bending stresses were shown to investigate effect of the
buckling coeflicient K, for bimodular materials.

2. Modified Higher-Order Theory

Brunel and Robertson® derived the governing equations
for initially stressed thick plates. They used incremental
deformations and Hamilton’s principle to obtain solutions.
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The results indicate that the transverse shear effects can
decrease the stability of the plate and that initial bending
stresses can cause a drastic reduction in the buckling
load. The buckling coeflicients depend on aspect ratio,
thickness ratio and the ratio of bending to normal
stresses. Brunel and Robertson’s method was extended to
bimodular plates. The governing equations of orthotropic
materials may be used for bimodular materials, but
Hooke’s law, i.e. the stress-strain relation, must be of
bimodular form. Based on the above explanations, Chen
and Doong investigated the vibration®® and buckling® of
bimodular plates. Also, a bimodular composite material
plate based on Mindlin plate theory was considered
in those studies. More accurate analyses of bimodular
composite plate problems, based on higher-order plate
theory, are contained in a series of studies®’.

The governing equations are based on a higher-order
theory of bi modular composite plates. For a cross-ply
composite plate, the laminate stiffness’s Co> Coair Cogu
and C,,,, will be equal to zero. The governing equations
for orthotropic materials may be used for bimodular
materials. The stress-strain relation must be of the
bimodular form as follows:

ix G Cow Gy 0 0 &
Iy Cow Cou Cou 0 0 &
o NG G G O 0 0| |& )
Oy 0 0 0 Cuu O 0 €,
sllo o o 0o c, o] |
Gl Lo 0000 Gl e,

where Cijk[ are the stiffness coeflicients of the stress-
strain relation, the third subscript (k) refers to the sign
of the strain (k = t for tension and k = ¢ for compression)
and the fourth subscript m denotes the layer number (I= 1
to, n is the total number of layers). From the stress-strain
relations, it can be seen that there are now 18 independent
elastic stiffness coefficients for each orthotropic layer, a
set of nine material variables for tension and another set
of nine for compression.

We should consider a body in a state of non-uniform
initial stress, which is in static equilibrium. Following the
technique described by Brunelle and Robertson®, the
governing equations in rectangular Cartesian coordinates
could be derived by using a perturbation technique. The
governing equations are written as follows®:
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(o2 ) +04j(8,; +u,; +1s), + Fs +AF, = pu,

P +AP, =|oyue;+0,(8, +u,; +10)]n, ©

where Elj,aij,ﬁ and ﬁ,- are the initial stresses,
perturbing stresses, body forces and applied surface
tractions, respectively. Itisassumed thatinitial displacement
gradients are small and the equilibrium is static so that
the products Eijusjand, pﬁs can be neglected. For the
large deflection plate theory, von Karman’s assumptions
are employed to investigate post-buckling behavior.
Therefore, the perturbed displacement gradients are also
small so that the terms Eij as)jmay be dropped except for

oiuss,and 02 Us2. In order to give clarity to the integration
procedure, it is useful to partially write out equation (6):

B(Ugal/axj) doa
+

+Fi+AE =0
ox, ox, 7)
8(0,.].;42 16x;)  Oon =
+2 L Fo 4AE =0
ox, ox,
(o, us/Ox, o3 o— — . — — _
(U” ’ ])+803 +(ontsy) (0inusa)+ Fs +AF, =0
Ox. ox, ’

i i

The non-linear stress-displacement relations of an
orthotropic plate are as follows:

- 1 — - 1 — — I —
Ox = Cllkl Ui,x + E(uix )2 + C12kl [uz,y +E(u3,y )2] + C13kl [u3,z + 5(”3,2 )2]

- - 1 — - 1 — — 1 —
Ux:CIZkl Uix +E(u3,x)2 +C22kl[u2’)’ +E(u3’y)2]+c23kl[u3’z +E(u3,z)2] (8)

— - 1 — — 1,— — 1 —
0x = Clyyy| Urx +E(u3,x)2 ~|—C23kl[u2,y +E(u3,y)2]+C33k,[u3,z +5(u3,z)2]

Oy = C44kl (uz,z + Us,y -+ Us,y + u3,z)
Oxz = CSSkl (ul,z +Usx +Usx + u3,z)

Oxz = C66kl (ul,y + Uz +Usx + u3,y)

For investigating the buckling problem, the von
Karman assumptions (g;,143; and g, u3,.) in equation
(7) can be neglected and the governing equations become:
8(01.].51 /0x,)0x, + 001 /0x,F1 +AF, =0
6(01.].52 /0x;)0x, + 00:12/0x,F» +AF, =0
8(01753 /8xj)8x,. +001 /8)6[?3 +AF, =0

P, +AP. = (Ul-]-as,j /ai,j,j )I’li

(9)

The linear stress-displacement relations of an
orthotropic bimodular plate are given by:
0x = Cythx +Cyytiay +Cpyttz

EJ’ = ClzklaLx + szklaly + C23k,ﬂ3,z

ox= C13klal»x + szklaly + C33kla3’z (10)
Eyz = Cgqp (EZ,Z ‘1‘53,)')

Oxe = Cisn (Urz + Usx)

Exz - C66kl (al,y + az,x)
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At this work the governing equations of a plate are
derived in a general state of non-uniform initial stress
based on a new higher-order plate theory with seven
kinematic variables. The displacements are the same of
Lo et al.222 but the transverse shear stresses, 7 and T,
are vanished on the top and bottom surfaces of the plate.
These conditions are equivalent to the requirement that
the corresponding strains are zero on these surfaces for
orthotropic plates or plates laminated of orthotropic
layers, i.e., y, (x, yth)=0and y _(x, y,+h)=0 (Figure 1).
The displacements then become:

Reference plane

o

| a |
[ 1

+ -

Figure 1. Geometry and coordinate system of bimodular
laminated plate.
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1 4(zY W’
ul = ux + (px _EZ@Z,X _5 E W,x +¢x +Z£z,x
11
B 1 4(zY 2 (1)
u,=u,+\p, 2% 35 M +o, +Zfz,y

Following similar procedure to Brunelle’s method*
and Doong’s procedure®, a simply supported rectangular
bimodular plate in a state of bending stress plus a
compressive stress could be studied. The state of initial
stress is

0,=0+2z0 /h (12)

o, and o are taken constants and all other initial
stresses are assumed to be zero. It is comprised of a tensile
(compressive) stress o, plus a bending stress ¢ . The only

Ql,x + QZ,y + Rl,x = Qz,x +Q3,y + R9,x =0

non-zero force and moment resultants are as follows:

N, :faudz:han, M, :fanzdz:hzamm
N, :fauzzdz:h3on/12 P, :fanz3dz=h4om/40
P, :fauz“dz:hsan/SO R, :fauzsdz:h6am/40

R, = [o0,z°dz=W o, /448
(13)

All above integrals are through the thickness of the
plate from -h/2 to h/2. Lateral loads and body forces are
assumed to be zero. Based on the above explanations, the
governing equations and boundary conditions can be
derived.

0
4
Q4,x + Qs,y + R30.x + [ghz J (Ql 8 + 2Q1 9,xy + Qz 0o 3Q1 55 3Q1 sy + R4.xx + R1 Z.x,V) =0

4
Qs,x +Q7,y - Q4 + Rz‘x _[ghz](le + Q1 9y 3Q15 + R4,x =0
4
Qm +Qs,y -Q +R10,x _[Ehz](Qw +Q, 0.y -3Q, +R12,x =0
1
- Qll + R3,1 +5(Q1 2,xx + 2Q1 3%y + Ql 4,3y + R3,xx + Rll,xy) =0

1
- 2Q1 , + Rz.z + E(Ql s T 2Q1 9,3y + Qz 0.3y + R“x + RlZ.xy) =0

For the simply supported plate, the boundary conditions
along the x = constant edges are taken as follows:

u,=0;0,=0w=0¢,=0; =0

- . . 1
No+AN,, =Q +R; Mw+AM,, = _E(le +R,)

1
2

PutoB, =~ (Q, 4+ R )T a7, =10, +R)

— 4

M +AM,, = (Qe +R2) _W(le + R4)
Displacements of the following form satisfy the

u, =0 0, =0 w=0 ¢, =0; =0

- —_— * 1
Ny +AN, =Q;; My +AM = _EQM

- 4 = 1
Pyy +APyy = _WQZO;;T)’}’ +ATyy = _EQZO

4

M,y +AMW =Q _W

QZO
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(14)

(15)

(16a)
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And
(ANﬂ’ABwAM“’AM;’M;i) = IAR [1’—%23,2—%23,—55%? dz(i=x,y) (16b)
boundary conditions §=22(C, /h),, sin(mnx/a)sin (nmy/b) (17)

u=23hU _ cos(mnx/a)sin (nmy/b)
uy=ZZth’1 sin (mmx / a) cos (nmy / b)
w=3ZhW  sin (mmnx/a)sin (nmy/b)
¢ =23y cos (mnx/a)sin (nmy/b)
(py:ZZ\yymn sin (mmnx / a) cos (nmy / b)
¢ =23y sin (mnx/a)sin (nmy/b)

strains in the x, y directions must be equal to zero :

The non-dimensional neutral surface locations z_, z,

1,
6x:Uxx+z xx+_z Zxx
’ Pex THE 3h’

orz, [h=

1,
And £,= U,. +zp,, +EZ o

4 W
[wJ’)’ + SD}’,)’ + Zgz,xx] = 0

Substituting the displacement field of equations (17)
into equations (14) yields:
([CINGD{A}={0}
M=, V,, W, ¥ Voot (18)

xmn’ wymn’ zmn’ Yzmn

To determine the position of the neutral surface, the

4 h?
[w,xx + gox,x + Ié.z,xx] = 0

1 4 1
5 azix¢xmn + Ezzx [ann + wxmn + Z éxmn ] - Umn }/d}xmn

12
z /h:‘lﬂz2 Y —I—ézs [aW +1 +lﬂ£ —V] /1
ny 2 ny ' xmn 3 ny mn xmn 4 xmn ymn
are defined as
1 2 4 3 1
_ 1.2 4 3 1
KS =0

3. Numerical Results and
Discussion

3.1 Buckling of Bimodular Rectangular
Plates

There are many anisotropic variables which have effects
on the buckling load. For a single cross-ply layer, non-
dimensional buckling coefficients are shown in Figures
1-6. In the computations, E = 1.0, v" = 0.2, E/E" = 0.2-
2.0 and V' is given by the relation v = v'E/E’. The shear
moduli G and G in the compressive and tensile regions
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respectively are G = E/2(1+v"), G

Variation of the buckling coefficient K, for various
E'/E’ ratios is shown in Figure 1, where a/h, a/b, and S
are equal to 10, 1 and 0, respectively. It can be seen that
the buckling coefficient has the greatest value when E"/E°
is equal to 1.0. The neutral planes of higher-order plate
theory results are further away from the middle plane
than those of Mindlin plate (first-order) theory results.
This figure also shows that the buckling coefficients of the
higher-order plate theory are lower than those of the first-
order theory.
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Figure 2. Buckling coeflicients for various E'/E‘values (a/b =1, a/h = 10, S=0, /0 =0, v'=0.2).
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Figure 3. Buckling coefficients for various values of the bending stress to normal stress ratio (E/E'= 0.2, a/b = 1, a/h = 1, v = 0.2).

The influence of the bending stress on the buckling
load is shown in Figures 2 and 3. The effects on the
buckling coefficients are shown for a value of E/E<1.0.
The reverse effect can be observed for a bimodular plate
with. The main reason for the difference between E/

—— Mmdlh plate theory
i Higher-order theory (HOT)
—— Wodified HOT

40

E*>1.0 and E'/E’<1.0 buckling coefficients in bimodular
plates is due to the change in position of the neutral plane
Z . The buckling coefficients are larger where the neutral
plane is closer to the mid-plane of plate.

Effects of the thickness ratio a/h on the buckling

(1] 10 20 30 A0
xig? 140 &
-1940
240 r—m————
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= Modified HOT
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390

Figure 4. Buckling coefficients for various values of the bending stress to normal stress ratio (E/E‘’=2, a/b =1, a/h=10,

v°=0.2).
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Figure 5. Effect of thickness ratio a/h on buckling coefficients (E/E*=0.2, a/b=1, S=0, /7 =0, v=0.2).
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Figure 6. Effect of thickness ratio a/h on buckling coefficients (E'/E‘=2, a/b=1, S=0 /0 =0, v°=0.2).
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Figure 7. Effect of aspect ratio a/b on buckling coefficients (E'/E‘=0.2, a/h=10, S=0, /0 =0, v°=0.2).

coeflicients are shown in Figures 4 and 5. The higher-
order shear deformation variables have little effect on the
neutral surface location Z for thin plates. The meaningful
influence of higher-order shear deformation variables on
Z_can be observed as the thickness increases and the
buckling coefficients decrease with decreasing thickness
ratio.

The effect of aspect ratio on buckling load is shown
in Figures 6 and 7 where a/h, E'/E and S are equal to 10,
0.2-2.0 and 0, respectively. It is observed that the larger
the aspect ratio a/b, the lower the buckling coeflicient,
and the further the neutral plane location is from the
middle of plate. Also, higher order shear deformation
parameters have meaningful effects on Z_for high aspect
ratio bimodular plates.

xltr2 100
=200
300 -
400 -

Ker -500 -
500 ——Mindlin plate theory

-700 —+—Higher-order theory (HOT)

-800
——Maodified HOT

The results of the modified higher order plate theory
are compared with those of the higher-order plate theory
in Figures 1 to 7. The effects of modulus ratio, laminate
thickness and bending stress on the buckling loads are
examined. Using the new modified plate theory, the
computed buckling coefficients agree well with those
of the higher-order plate theory, but the displacement
field of the new modified plate theory satisfies the stress-
free boundary conditions. The benefit of significant
simplification compared with the higher-order theory
order increases its utility in analyzing the bending of
plates. Buckling analysis using the finite strip method
was developed for bimodular laminated plates by Lee®.
Compared to analytical solutions, excellent agreement
was observed for thick composite plates (Figures 8 to
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——Mindlin plate theory

1050

P i
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Zr 1010

1000 T T T at
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Figure 8. Effect of aspect ratio a/b on buckling coefficients (E/E=2, a/h=10, S=0, /o =0, v=0.2).
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Figure 10. Effect of thickness ratio a/h on buckling coefficients (E/E=0.2, a/b=1, S=0, /0 =0, v°=0.2).

10). It is also observed that the higher-order theory yields between the new modified plate theory and the higher-

more accurate results than the first-order theory. order theory larger.
0 2 4 6

3.2 Buckling of Bimodular Laminated Plates -0.7455 . - a’b
For a two-layer cross-ply laminated, the influences of 07460 —=—Doong and chen [26]
aspect ratio on buckling load and neutral plane location 07465 | _ﬁ_:::::ﬁs]
are given in Figure 11. The buckling coefficient decreases
with increasing aspect ratio and the neutral surface is 0-7470
further away from the middle plane. 07475

Variation of buckling coefficients versus E; /E; and -0.7480
thickness ratio a/h are shown in Figures 12 to 14. The -0.7485
modified seven-variable plate theory and the higher- Nb?

order plate result closely the same buckling coefficients.

As the thickness ratio increases, the differences are larger Figure 11. Buckling loads of two-layer cross-ply laminated

plates (E /E,=40,G,/E,=0.5,v, =0.25).
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Figure 12. Effect of the thickness ratio a/h on buckling coefficient for two-layer cross-ply laminated plate (a/b=1, $=0, E} / E5=0.2).
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Figure 13. Effect of the thickness ratio a/h on buckling coeflicient for two-layer cross-ply laminated plate (a/b=1, S=0, E,/E,

=2.0).
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Figure 14. Effect of the ratio of bending stress to normal stress on buckling coeflicient for two-layer cross ply laminated plate

(a/b=1, a/h=10).

4. Conclusion

The principal results presented at this work demonstrate

the following:

o The previously obtained eleven-variable higher order
theory result is so complex that its utility is question-
able. The present seven-variable modified plate theory
gives nearly the same results as the previous solution.

o A new displacement field is proposed in the present
work to satisfy boundary conditions.

o The parametric study is carried out to investigate the
effect of aspect and thickness ratios, lay-up on geo-
metrically linear and nonlinear buckling response of
bimodular cross-ply composite laminates

+ The buckling load is significantly affected by which
others did not mention.
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