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Abstract

We consider four-dimensional conformally flat homogeneous pseudo-Riemannian manifolds. According to forms (Segre
types) of the Ricci operator, we provide a full classification of four-dimensional pseudo-Riemannian conformally flat

homogeneous Ricci solitons.

Keywords: Conformally Flat Space, Homogeneous Manifold, Ricci Operator, Ricci Soliton

1. Introduction

A natural generalization of an Einstein manifold is Ricci
soliton, i.e. a pseudo Riemannian metric g on a smooth
manifold M, such that the equation

L. g=cg—0 (1.1)

holds for some ¢ € R and some smooth vector field X on
M, where o denotes the Riccitensor of (M, g) and L, is
the usual Lie derivative. According to whether ¢>0,¢=0
or ¢ < 0 a Ricci soliton g is said to be shrinking, steady or
expanding, respectively. A homoge-neous Ricci soliton on
a homogeneous space M = G/H is a G-invariant metric g
for which the equation (1.1) holds and an invariant Ricci
soliton is a homogeneous apace, such that equation (1.1)
is satisfied by an invariant vector field. Indeed, the study
of Ricci solitons homogeneous spaces is an interesting
area of research in pseudo-Riemannian geometry. For
example, evolution of homogeneous Ricci solitons under
the bracket flow*, algebraic solitons and the Alekseevskii
Conjecture properties®?, conformally flat Lorentzian
gradient Ricci solitons®, properties of algebraic Ricci
Solitons of three-dimensional Lorentzian Lie groups’,
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algebraic Ricci solitons®. Non-Kahler examples of Ricci
solitons are very hard to find yet'?. Let (G, g) be a simply-
connected completely solvable Lie group equipped with
a left-invariant metric, and (g, (, )) be the corresponding
metric Lie algebra.Then (G, g) is a Ricci soliton if and only
if (g, (, )) is an algebraic Ricci soliton®.

A pseudo-Riemannian manifold M = (M, g) is said
to be homogeneous if the group G of isometries acts
transitively on M. In this case, (M, g) can be written as
(G/H, g), where H is the isotropy group at a fixed point
° of M and g is an invariant pseudo-Riemannian met-
ric. Homogeneous manifolds have been used in several
modern research in pseudo-Riemannian geometry, for
example, Lorentzian spaces for which all null geodesics
are homogeneous became relevant in physics'** which
following this fact, several studies on g.o. spaces (that
is, spaces whose geodesics are all homogeneous) have
done in last years”*. Homogeneous solutions to the Ricci
flow have long been studied by many authors (e.g., ">
17,24.2729)

The complete local classification of four-dimensional
homogeneous pseudo-Riemannian manifolds with non-
trivial isotropy obtained'*?®. Using that the classification
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of four dimensional conformally flat at homogeneous
pseudo-Riemannian manifolds M = G/H was obtaind in °.

Conformally flat spaces are the subject of many investi-
gations in Riemannian and pseudo-Riemannian geometry.
A conformally flat (locally) homogeneous Riemannian
manifold is (locally) symmetric* and so, as proved in *, it
admits a universal covering either a spaces form R®, S*(k),
H*(-k), or one of the Riemannian products R x S*'(k),
RxH""!(=k) and SP(k)xH"?(-k).

Riemannian locally conformally flat
shrinking and steady gradient Ricci soli-tons were recently
classified'®”. Conformally flat Einstein pseudo-Rieman-
nian mani-folds have constant sectional curvature. By the
way, they are symmetric. Conformally flat homogeneous
Riemannian manifolds are always symmetric™. On the other
hand, some of our examples show the existence of confor-
mally flat homogeneous pseudo-RiemannianRicci solitons
which are not symmetric. The purpose of this paper is to
investigate four-dimensional conformally flat homogeneous
Ricci solitons pseudo-Riemannian manifolds by focusing on
the Segre types of their Ricci operator. First we give a details
of local classification of four-dimensional conformally flat
homogeneous pseudo-Riemannian manifolds obtained in ¢,
then following that we study and classify four-dimensional
conformally flat homogeneous Ricci solitons.

This paper is organized as follows. In Section 2, we recall
some basic facts on Ricci solitons, which play important
roles in studying homogeneous Ricci solitons. In Section
3, we report some necessary results on conformally flat
homogeneousRiccisolitons pseudo Riemannian manifolds
with nondegenerate Ricci operator. In Section 4 we shall
investigate several geometric properties of conformally
flat pseudo-Riemannian homogeneous with degenerate
Ricci operator. Finally In Section 4 we shall investigate
Cases with degenerate Ricci operator and non-trivial
isotropy.

complete

2. Preliminaries

Let M = G/H be a homogeneous manifold (with H
connected), g the Lie algebra of G and h the isotropy sub
algebra. Consider m = g/h the factor space, which identies
with a subspace of g complementary to h. The pair (g, h)
uniquely defines the isotropy representation

y:g—>gl(m), y(x)(y)=[xy] ,

For all x € g, y € m. Suppose that {e, .., e, u, ..,
u } be a basis of g, where {ej} and {u} are bases of h and

B 2 | vols (12) | June 2015 | wwwindjstorg

m respectively, then with respect to {u}, H whould be
the isotropy representation for e. A bilinear form B on
m is invariant if and only if y(x)' o B + B o y(x) = 0, for
all x € h, where y(x)' denotes the transpose of y(x). In
particular, requiring that B = g is symmetric and non-
degenerate, this leads to the classification of all invariant
pseudo-Riemannian metrics on G/H.

Following the notation given in ¢, g on m uniquely
defines its invariant linear Levi- Civita connection,
as the corresponding homomorphism of h-modules
A: g —> gl(m) such that A(x)(y_) = [x, y]_forallxe h,y
€ g. In other word

Ax) ()= %[x,y]m +v(x,), 2.2)

forallx, y € g, where v: g x g > m is the h-invariant sym-
metric mapping uniquely
determined by

2g(v(x, ), z,) = glx . [z 9], ) + 8y [z x] ),

for all x, y, z € g, Then the curvature tensor can be deter-
mined by

Rimxm—->gl(m), R(x,y)=[Ax),A(y)]-A(lx.y]), (2.3)

and with respect to u, the Ricci tensor @ of g is given by

Q(u,.,uj)=Z4:g(R(uk,ui)uj,uk), ij=1,...,4. (2.4)
k=1

Furthermore, whenever the Equation (1.1) becomes

DRI 1 70 B P A e |

+ Q(”i’u]’):ggij’ i,j=1,...,4.

Moreover, the Equation (2.2) characterizes conformally
flat pseudo-Riemannian manifolds of dimension n > 4,
while it is trivially satisfied by any three-dimensional
manifold. Conversely, the condition

1
Vi k=V,e;k = m(gjkViT —giijT)) (2.5)

which characterizes three-dimensional conformally
flat spaces, is trivially satisfied by any conformally flat
Riemannian manifold of dimension greater than three.
Following the notation and the classifcation used
in *, the space identified by the type n.m* : q is the one
corresponding to the q-th pair (g, h) of type n.m*, where
n = dim(h) (= 1, .., 6), m is the number of the complex
sub algebra h® of so (4, C) and k is the number of the real
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form of h®. When the index q is removed, we refer
simultaneously to all homogeneous spaces corresponding
to pairs (g, h) of type n.m*.

We now recall the possible Segre types of the Ricci oper-
ator for a conformally flat homogeneous four-dimensional
manifold through the following Tables®.

Theorem 2.1."
Let M; be an n(> 3)-dimensional conformally flat
homogeneous Pseudo-Riemannian manifold with diago-

nalizable Ricci operator. Then, My is locally isometric to
one of the following:

(i) A pseudo-Riemannian space form;

(ii) A product manifold of an m-dimensional space form
of constant curvaturek#0and an (n — m)-dimensional
pseudo-Riemannian manifold of constant curvature
-k, where2<m<n-2;

(iii) A product manifold of an (n—1)-dimensional
pseudo-Riemannian manifold of index q-1 of
constant curvature k # 0 and a one-dimensional
Lorentzian manifold, or a product of an (n — 1)-
dimensional pseudo-Riemannian manifold of index
q of constant curvature k # 0 and a one-dimensional
Riemannian manifold.

It is obvious from the last theorem that if (M, g) have
digonalizable Ricci operator then the Ricci operator is
degenerate. So the study of cases with non-degenerate Ricci
operator restricts to the non-diagonalizable ones.

Table 1. Segre types of Q for an inner product of
signature (2, 2)
Case Ia Ib Ic ITa IIb
Non — L111] |11 | 22]
degenerate
type
Degenerate|[(11), (11)] T — =\ [(1, [(22)]
type (|1, 1]1)] [\ [(,1T), 1)2]

(11, D1)] (1,

[1(1,11))] (12)]

(11, 1D)] (1,

12)]

Case Id Ilc IITa IIIb v
degenerate
type
Degenerate| — — [(13)] [(1,3)] |—
types
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Table 2.  Segre types of Q for a Lorentzian inner
product
Case Ia Ib II 11
Non — [1 1’1T] - [1>3]
degenerate
type
Degenerate | [(11), (1, 1)] = [((11),2] | [(1,3)]
type (1011, 1)] [09)11] [1(1,2)]
[(111)1)] [(11,2)]
[(111, )]

3. Cases with Non-degenerate
Ricci Operator

As we mentioned before if (M,g) have digonalizable Ricci
operator then the Ricci operator is degenerate®. So let
(M,g) be a conformally flat homogeneous four dimen-
sional manifold with nondegenerate Ricci operator. For
any point p € M, we have that g(0, p) = {0} if and only if
Q, is nondegenerate. Therefore, (M, g) is locally isometric
to a Lie group equipped with a left-invariant pseudo-
Riemannian metric and the Ricci operator of conformally
flat homogeneous pseudo-Riemannian four-manifolds
can only be of Segre type [1,111] if gis neutral, or [11, 11]
if g is Lorentzian®. We report here the Lie group structure
of the mentioned types and their Ricci tensor as follow.

Theorem 3.1

Calvaruso G et al® Let (M, g) be a conformally flat
homogeneous four-dimensional manifold with the Ricci
operator of Segre type [1, 111]. Then, (M, g) is locally iso-
metric to one of the unsolvable Lie groups SU (2) x R or
SL(2, R) x R, equipped with a left-invariant neutral met-
ric, admitting a pseudo-orthonormal basis {e , e , e, e,} for
their Lie algebra, such that the Lie brackets take one of the
following forms:

i) [e,e]=c¢ae,
[e29 e4] = _ae3)
ii) [e,e]=—eae,

[e,e,] = —cae,
[e,,e,]=oae,,
3 4 2
le,e]=ae,

[e,, e,] =2a(e, +ee,),

[e,e,] = 2a(ee, —e),

le,e]=—eae, [e,e]=ae,

and the Ricci tensor in case (i) is given by

2012 d 0 0 ded
o 0 W +ded -2€ d 0 0
1 o 0 ted-wrdd 0 |
fed 0 0 w26 d
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and the Ricci tensor in case (ii) is given by

28 & 24 0 0 =26&d-24
2
oo 0 484 0 0 (36)
0 0 -4 0
2 -2 0 0 =2ed+2d

where a # 0 is a real constant and € = +1.

Theorem 3.2

Calvaruso G et al®Let (M, g) be a conformally flat
homogeneous Lorentzian four-manifold with the Ricci
operator of Segre type [11, 11]. Then, (M, g) is locally iso-
metric to one of the unsolvable Lie groups SU (2) x R or
SL(2, R) x R, equipped with a left invariant Lorentzian met-
ric, admitting a pseudo-orthonormal basis {e , e,, e,e ) for
the Lie algebra, such that the Lie brackets take one of the
following forms:

i) [e,e]=-2a(ee, +e), [e,e]=cae, [e,e]=ae,
le, e3] = eae,, le,e,]=ae,

ii) [e,e]=2a(ee, +e), [e,e]=cae, [e,e]=ae,
[e,, e,] =cae, le,e] =ae,

and the Ricci tensor in case (i) is given by

4d 0 0 0
0 —4ed 0 0

| o 0 0 -dde|
0 0 -4de 0

also the Ricci tensor in case (ii) is then given by

-4’ 0 0 0

|l o 4d* 0 0
i 0 0 -ade|

0 0 —4de 0

where o # 0 is a real constant and € = *1.

Now using the above classification statements we classify
conformally flat homogeneous Ricci soliton four dimen-
sional manifolds with nondegenerate Ricci operator. The
result is the following theorem.

Theorem 3.3

Let (M, g) be a conformally flat homogeneous four
dimensional manifold with nondegenerate Ricci operator.
Then (M, g) can not be a Ricci soliton manifold.
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Proof. According to the above argument for signature
(2, 2) and Lorentzian signature, we have the explicit
description of Lie groups and their Lie algebras. We
report the calculations for the case (ii) of signature
(2, 2) with € = £1. Using (2.2) to compute A, := A(e)
for all indices i = 1, .., 4, so describing the Levi-Civita
connection of g. We get

0 —€a a 0 0 0 0 €a

ea 0 0 €a 0O 0 0 O
A1= bl A2: b

a 0 0 —-a 0O 0 0 O

0 ea a 0 ea 0 0 O

0 0 0 a 0 €Ea a 0

0 0 0 O —ea 0 0 —€a
ASI 5 A4:

0 0 0 O a 0 0 a

a 0 0 O 0 €Ea -—a 0

Ricci tensors can be now deduced from the above
formulas by a direct calculation applying (2.3). In particular,
the Ricci tensor in this case has the form described in (3.6)
where a# 0 is a real constantand e=+1.

We prove the existence of a vector field which
determine a Ricci soliton in any possible case leads to a
contradiction. Choose the pseudo-orthonormal basis {e ,

4
e, e, e}, and an arbitrary vector field X = 2k:1 X8

and a real constant ¢, by (1.1’we find that X and ¢ determine
a Ricci soliton if and only if the components x, of X with
respect to {e, } and ¢ satisfy

4% +c=0
—4 az—g*:O
2 & -2a"=0

xa—2x,a=0
2xa+x,a=0
—-x,€a—2x,€a=0
2x,€a-x,€a=0

2x, €a—2x,a—2 e d+2a +¢=0

2x, €a—2x,a+2€ @ —2a" —¢=0

From third equation we find that a = 0 which is
imposible.
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4. Cases with Degenerate Ricci
Operator and Trivial Isotropy

By the arguments of the previous section, now we proceed
the manifolds with degenerate Ricci operator. For Ricci
parallel examples by Proposition 4.1 of ¢ it must be noted
that the conformally flat Ricci parallel homogeneous
Walker spaces are one of the spaces of the Theorem 2.1,
or admit a two step nilpotent Ricci operator. Now, let (M,
g) be a not Ricci parallel (and so not locally symmetric)
conformally flat homogeneous manifold with degenerate
Ricci operator. First, we proceed the cases with trivial
isotropy. Separating the diagonalizable Ricci operator cases,
such spaces are locally isometric to a Lie group G, equipped
with a left-invariant neutral metric, and Q has one of the
Segre types: [1, (12)], [1, 12], [22], [(13)] and [(1, 3)]. Also,
for the Lorentzian signature, Q admits the Segre types either

[(11,2)], or [(1, 3)]°.

Theorem 4.1

Let (M, g) be a conformally flat not Ricci-parallel
four-dimensional Lie group with the Ricci operator of
Segre types [1, (12)], [22], [(13)] and [(1, 3)], then (M, g)
is not a Ricci soliton manifold.

Proof. We apply the same argument used to prove Theorem
3.1, proving that in the case [(22)] there is not any Ricci soli-
ton. Consider the pseudo-orthonormal basis {e, e, e, e},
such that

1-4k} 1 1+8k)  1+8k
e,e, |= e, +—e,, e,e, |= e €.,
[ 1 2] 4k1 2 Skl 4 [ 1 3:| 4k1 1 4k1 3
1+16k}  1+4k 1+4k%  1+16k
e,e, |= e, + e,, e, e, |= €y
[ 1 4] 8k1 2 4k1 4 [ 2 3] 4k1 2 8k1 4

[eye,]=—Le, - 20K,
3>%4 8k1 2 4k1 4

for any real constant k. Using (2.2) to compute
A, = A(e) for all indices i = 1, .., 4, so describing the
Levi-Civita connection of g. We get

1+8k}

0 0 0 —1+4k}

4k, 0 - ! 0 k,
4k,
1+8k}
0o 0 0 o ! —1+ 4k} 1+4k} 0
A= s ol A= 4k 4k
1+8k, 0 0 1+ 4K?
4k, 0 1 0 -k
2 4kl

o o M 8k 0 k, 0 k, 0

8k

1
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148k 5
0 0 1+4k;
4k, 0 k 0 -
! ! 4k,
2 1
0 0 0 71;:& —k, 0 —k, 0
Ay = ol A= —1+4K2 |.
T 148k 0 o ! 0 Kk 0 o
4k, !
! sk 1+4k2 0 —1+4K 0
0 IR 4k, ak,
8k,

By a direct calculation the curvature and Ricci tensors

can be now obtain from formulas (2.3) and (2.4). In
particular, in this case the Ricci tensor has the form

1 0 -1 0
0 1 0 -1

°Fl. 0 1 o0
0 -1 0

4
For an arbitrary vector field X = zk_lxkek and a

real constant g, by (1.1) we find that X and ¢ determine
a Ricci soliton if and only if the components x, of X with
respect to {e, } and g satisfy

ﬁ+x4(1+4kf)

=0 (4.7)
8k, 4k,
2 2
% (1+16k; )+x2 (—1+4k1)=0 ws)
8k, ak,
2
2 (1 ak) o (4.9)
8k 4k

1 1

x (1+16K7 ) x, (—1+4k12)_0 (4.10)
B 8k, ' 4k, ) |

%, (1+8K7)

1+¢-
2k,

=0 (4.11)

X, (1+8k12)+x3(1+8k12)

=1
4k, 4k, (4.12)
1+ 8k?
—M+l—g=0 (4.13)
2k,
—1+4K? 1+ 4k?
_M+1_g+M:0 (4.14)
2k, 2k,
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x, (1+4K7 1
—T+ +o+

x, <1+ 4K7
2k,

_o  (415)

1 (1+16K)) 1 (1+16K7)
Xy (L) (L
sk, sk 8k sk

)=1(4.16)
The equations (4.8) and (4.9) together yield that
x, = x, = 0, also if we plus equations (4.11) and (4.13)
together then we have (x +x3)(1+ Skf) _, Ontheotherhand,
2k,
adding (4.14) to (4.15) yield that 4k (x, + x,) = 2. Finally,
from these two equations it is clear that 1 = 0 which
means that the equations system is not compatible. o
Let (M, g) be a conformally flat not Ricci-parallel
four dimensional Lie group with the Ricci operator
of Segre type [(1, 12)]. Then, (M, g) is locally isometric
to the solvable Lie group G = R X R’ equipped with
a left invariant neutral metric, admitting a pseudo-
orthonormal basis {e, e, e,, €,} for the Lie algebra, such that
the Lie algebra g is described by

2k +1 2k +1

1
[eveJeae]=praho ke [aa]== ma ™ e

1
[ez,e4]= —[63,64]= kye, +kye, + ke,

for any real constants k, =0, k,, k..

Theorem 4.2

Let (M, g) be a conformally flat not Ricci-parallel
four-dimensional Lie group with the Ricci operator of
Segre type [1, (12)], then (M, g) is a Ricci soliton manifold
and this case occurs when ¢ is arbitrary and

kl kl
= Set €
1+2k; 1+2k;

Proof. We apply (2.2) to compute A:= A(e,) for all indices
i=1, ., 4, so describing the Levi-Civita connection of g.
We get

0 — = 0 k, —k, 0
2k, 2k 2
142k
1 —k, - —k,
— 0 0 0 2k,
A=) 2% A= 142K
x 0 0 0 —k, - - —ks
2k, 2k,
0 0 0 0 0 —k, ks 0
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0 -k, k, 0
1+2k? 0 0 0 0
k, 0 2k -k 0 0 0 -k
A, = 5 ' VS '
L 142K 0 & 0 0 0 -k
* 2k 3 0 —k k 0

0 k, -k, 0

Ricci tensors can be now deduced from the above for-
mulas by a direct calculation applying (2.4). In particular,
the Ricci tensor has the form

00 0 0
01 -1 0

°“lo -1 1 of (4.17)
00 0 0

4
Let X= Zkzlxkek be an arbitrary vector field and ¢

a real constant , using all the needed information above,
we obtain that the Ricci soliton condition (1.1) is satisfied
ifand only if

x
_2_k11+x2k2 —x3k, =0 (4.18)
X5
2.5 =g 419
P (4.19)
=2x,k, +2x;k +¢c=0 (4.20)
—x,ky +x3ky —x,k; =0 (4.21)
X, (1+ Zkf) 42
“axk, -~k lbe-———*=0 (422
1
x, (1+2K7)
~2xk, = 2xk Flmgm =0 (423)
1
x (142K7)  x (1+2K7)
2xk, +2x,ky —1+ + =0 (4.24)
2k 2k

1 1

Since k, is an arbitrary real number, from equations
(4.19) and (4.20) we get that ¢ = 0. Also equations (4.22)
and (4.23) yield that x, = x,. Now with these results, by
(4.18), x, = 0 and by (4.21) x, = 0, also again by equations

k
(4.22) and (4.23) we get that x,=x, =( 1 2)
1+2k

. So, X has

the form
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kl kl
2 + S €
1+2k; 1+2k;

Since k1 # 0, no Einstein cases occur.

5. Cases with Degenerate Ricci
Operator and Non-trivial
Isotropy

In this section we consider cases conformally flat
homogeneous, not locally symmetric pseudo-Rieman-
nian four manifolds with non-trivial isotropy. For these
spaces, the approach is based on the classification of four
dimensional homogeneous spaces with nontrivial isot-
ropy presented by Komrakov in *. Calvaruso G et al.®
the authors checked case by case the Komrakov’s list for
conformally flat not Ricci parallel (and so not locally sym-
metric) examples with degenerate and not diagonalizable
Ricci opeator.

By using the lists which are presented in © for the

If (M, g) be a conformally flat homogeneous, not locally
symmetric pseudo-Riemannian four manifold, which its
Ricci operator Q is degenerate and not diagonalizale, then
the possible Segre types of Q is either [22], [1, 12] or [11,
2]6. We can now state the following classification result.

Theorem 5.1
Among conformally flat homogeneous non-locally
symmetric four- dimensional pseudo-Riemannian non-
trivial Ricci soliton with the Ricci operator of Segre types
[22], [1, 12] or [11, 2], the Ricci Solitons examples are listed
in the following Tables 3, 4 and 5, where the checkmark
means that X is invariant for all Lie algebras of that form.
Proof as an example, we report here the calculations

for the case 1.3'.5. Let M = G/H is a four-dimensional
homogeneous space, such that the isotropy subalgebra
h is determined by conditions (5.25) and the Lie algebra
g has been determined before. We apply (2.2) to com-
pute A:= A(e,) for all indices i = 1, .., 4, so describing the
Levi-Civita connection of g. We get

conformally flat non-symmetric homogeneous 4-spaces 0 0 lx 0
with non-trivial isotropy and non-diagonalizable degener- 2 00 10
ate Ricci operator, among them, we are able to determine A=[00 0 —A|, A= 0001 ,
some different examples of homogeneous spaces M = G/H 0 o 0000
for which equation (1.1) holds for some vector fields X € 0 00O
m and some invariant metrics which are not Einstein. 0 0
Table 3. Non-symmetric examples with Q of Segre type [(22)]
Case Invariant metric g X S Xis
invariant
1.315 2 0 v
O e I Cd B Y TS)
h(-1) 4a ' 4a ?
2coy0, +do,w,
1.3:28 1 1 #0 &x,=0
2a (—a)la)4 + w2w3)+28— Wy, +8—w4w4 XUy ——— Uy + U,
¢
1.3':29 ) ) #0 ©x,=0
2a (—a)la)4 + a)za)3)+2—a)3a)3 +—w,0, XUy —— Uy + Gl
8¢ 8 a
1.3%:30 (1) 2a(~w,0, + 0,0,) + b} -V, w, 221 0 v
—(d - do,w, +dow, u
4a)l ?
2) 2a(~w.w, + ww,) +bw.w, + dw w b 1
174 273 374 474 X1u1+4 uz _3 <:>x’=0
) ad 2d 1
(3) 2a(-w,0, + 0,w,) + b’ + pw,w, ) ﬂz ——d
~(by— dy — d - byw,w, + dw,w, I ) 2
4a 0 v
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Table 4. Non-symmetric examples with Q of Segre type [(1, 12)]

I 8 | vols(12) | June 2015 | wwwindjstorg

Case Invariant metric g X S Xis
invariant
1.141 2aw,0, + 20,0, + do,w, 0 4 +2gda2 . —oo, oo] v
4a’c : !
v
cd
(2) —Uu, - §u4
2a
112 (1) 2aw,0, +2co,0, +do,w, A =0 1+2¢d —co, co] S x,=0
1 xu + U, +cuy
(2) 2aw,w, + 2cw,w, + do,w, —1+42 0 v
2 xu+——u
1% acn 2
1. v
135 2a(—a)lcu4 +a)zco3)+ba)3w3 +2cwyw, — A +4 0
U,
2c 4al
x ,W,, u=0
1.3%7 (1) 2a(~0,w+0,0,)+bo,w +2cw,0,~2c0,0, _1—2w+ HZ 2 0 v
u
4a !
(1) 2a(~w,w,+w,w,)+bw,w+2cw,0+ do,w, _1 —27\,/l+//2 Y 0 v
1) u
4a
(2) 2a(—wlw4+w2?i)+bw3w3 2w, +do,w, “1424d e
A=0,u=0 (2) ————u, +x,u, ’ S x,=0
4a 2
(3) 2a(-0w +w,w)+bo,w, +2c0,w,+ do,w, +ouy
- 1+ 47 +2¢d
3) #ul +Xx,u, —o00, oo < x,=0
4) 2a(-0 w0 +0,0)+bow 2w, + dow, +cu,
1.3:12 A=1-
o)
(%) 2a(-ww+w,w,)+bw,w +2cw,w, + dw,w,, (4) a Y 0 v
1
H“= E —4A -3+ 47\42 v
6)———u,
16a 0
6) 2a(-w w,+w w,)+bw.w +2cw.0,+ do,w,, 3+8cd
() ( 174 23) 373 374 474 (6) g u1+x2u2 0 C}x:O
. 1 16a 2
2 - §V4
1.3:19 2a(~0,w,+w,0 ) +bw,w +2cw,w + do,w, 1 0 v
—u
4a !
1.3':21 2a(-w,0,+0,0)+bw,w +2cw,w,+ do,w, _(_2 " 7\’) A 0 v
u
4a !
(Continued)
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Table 4. Continued
Case Invariant metric g X G X is
invariant
1) 2a(-0,0+0,w,)+bo,w, +b (1-4)w,w, _//2 +1 0
+dww, =1 4] Wul v
(2) 2a(a)2w3 - a)la14)+ baw,w, + b(l —,a) 00, [ —x =0
b —OO’ oo 1
1
-—w,w, A=1, u=1 ) x1u1+4ad U, +cuy
1.3%:30
1 d _
(3) Za(w2w3—calw4)—2—gw3a)3+b(l—/z)w3w4 (3) ;—ul +x,U, +cu, ©x,=0
a [—oo, oo
+doyw,, A=0, =1 )
4) 2a(-0,0.+0 0 )+bo,w, +2cw,w,+b (1-p)w,w,+ (4) 4 -1 u v
dow, /=0 dal 0
14110 a(-2w,0,+0,0,)+bw,w, +2cw,w, +do,w,, ad<0, p(p + 1) u 0 v
r=p’+p a !
p* -4
2212 2a(-w, 0, +w,0, )+bw,w, u, 0 v
4ap
. —14+2¢b
2213 2a(-w,w,+w,0,)+bw,w, XU +cu, +——u, [—oo, o0 Sx =0
2h—h*+4P
2.544 2a(-w,w,+w,0,)+bw,w, —y 0 v
4a
p
3.31 2a(-w,0,+w,0,)+bw w, ;“1 0 v
Table 5. Non-symmetric examples with Q of Segre type [(11, 2)]
3
Case Invariant metric g Vector field X G invarlisant
4c* +b* —2¢dc? 1
111 (0,0, +0,w,) +2bw,w, +dow, p=2 — Ut (o0, o] v
8cb 2
2—¢d 1
(1) dww, +ww,)+2bw,w, +dw,w,p =2 )] 45 u, +Eg‘u4 [-o0, o] v
1.1%2 ]
p —
2) c(ww, +ww,)+2bo,w, +dow, ) b U, +cus 0 v
p
a(—2w1w3 + a)za)z) +tbo,w, + 314
—3+4r
1.4":9 a(4r+ 1)4 1 u, 0 v
20, -————w,0,, p=-3 16a
14110 a(—20,0 +0,0,)+bw w +2cw.0, p(1+p) y 0 Y
+dw,w,ad>0 a 1
r*+
2.5%2 2aw, 0, +a(0,w,+ w,w,) + bw,w, p U 0 v
a
3.3%1 2aw, 0, +a(w,w,+ w,w,) + bw,w, P u, 0 v
a
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Conformally Flat Pseudo-riemannian Homogeneous Ricci Solitons 4-spaces

I)L c(2+k2) ¢ Lo c 2
- 0 hd - - —
2 an a ”)L ak
1 c c
2 c+AA +bh A 0 £ L
A, = A A - . 2 |0 A=| 2 2a a

1

1 _Z
00 R - 0 0 -k 1

2

The curvature and Ricci tensors can be now

deduced from the above formulas by a direct calcula-
tion applying (2.2) and (2.3). Also the Ricci tensor has
the form described in (5.26). Now Choose the pseudo-
orthonormal basis u , u,, U, u, and an arbitrary vector

4
field X= Zkzlxkuk € m and a real constant g, by (1.1)
we find that X and ¢ deter- mine a Ricci soliton if and

only if the components x, of X with respect to {u,} and ¢
satisfy

ax; =0
2
—2x1a+£=0
A
x,a+ca=0
xca—cc=0
—x3a(1+7»2)—ajx4 =0

—adx,—ax,—ca=0

~2a(1+12), +2ax, +%x2 —h==2

From first equation and taking account a # 0 we find
that x, = 0. Now by fifth equation x, must be zero and
following that by third equation ¢ = 0. It is clear that

A +4
da)

X, =

therefore X has the form

B 7»2+4u
4a)

Since x, = 0, no Einstein cases occur. Finally, again by
(5.25) we see at once that X € m is invariant if and only if
X e Span{u,}. Therefore, X is invariant and so, determines
a homogeneous Ricci soliton.
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