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1.  Introduction

In this paper, a fourth order ordinary differential 
equations of the form

(4)
0( , , , , ) [ , ]y f x y y y y x x bµ ¢ ¢¢ ¢¢¢= Î

with initial conditions 
( )

0( ) , 0(1)3m
my x y m= =  is 

considered. 
Conventionally, (1) is transformed into an equivalent 

system of first order ordinary differential equations and 
thereafter suitable numerical method would be applied 
to solve the resultant system. This technique is widely 
discussed by authors 5,7,11,12  amongst others. In spite of the 
success recorded on this approach, a lot of setbacks were 
also discovered such as computational burden that usually 
affects the accuracy of the results and the computation 
time.

To cater for the setbacks mentioned above, several 
researchers 2–3,6,13,15–18 to mention a few, developed methods 

for solving higher order directly without going through 
the process of reduction. It was found that this method 
is better in terms of accuracy than when the differential 
equation is reduced to system of first order ordinary 
differential equations.

Numerical schemes which include the predictor-
corrector method and block method have been proposed 
by many scholars. It is observed that predictors are in 
reducing order of accuracy which always affects the 
efficiency of the predictor-corrector method. In addition, 
the method requires much human effort and computer 
time9.

In order to overcome the weaknesses in predictor-
corrector method, block method was introduced by Milne 
in 1953. It was formerly used as a predictor for predictor-
corrector algorithm and later adopted as a full method1,4. 
Scholars such as2,10,13,19  adopted a block method for direct 
solution of higher order ordinary differential equations 
whereby it accuracy was confirmed better than predictor-
corrector method. 
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In this study, a zero-stable block method for step-
length of six is proposed. The method employs collocation 
and interpolation strategy.

2.  Derivation of the Method

A power series of the form 
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considered as an

 
approximate

 
solution to equation(1)for 

k=6. Differentiate (2) four times gives 
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Equation (2) is interpolated at the selected grid points 

( 4)(1)( 2)n ix x i k k+= = - -  and equation (3) is 
collocated at the points. 0(1)n ix x i k+= =  This gives a 
system of non-linear equation of the form
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Solving (4) for the unknowns constants a’s and 

substituting into (2) gives a continuous linear multistep 
method in the form
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Evaluating (5) at , 0,5n ix x i+= = and 6, the first, 
second and third derivative at , 0(1)6n ix x i+= = . This 
gives the discrete schemes and its derivatives. Therefore 
using the matrix inversion, this produces the block of the 
form

 0 ' 2 ''
1 1 1

3 ''' 4 0 '
1 1( )

N N N N

N N N

A Y A Y hA Y h B Y

h B Y h E F E F
- - -

- -
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¢¢ + +
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3.   Analysis of the Properties of 
the Method

3.1 Order of the Method
Our method (6) has a uniform order [7,7,7,7,7,7]T  
together with error constants

39 109 243 361 430 8[ , , , , , ]
74183 13912 7700 4457 2599 275

T

. This is done by 
the method proposed by the author 11. 

3.2 Zero Stability
The method (6) is said to be zero-stable if no root of the 
first characteristic polynomial ( )rr  is having a modulus 
greater than one and every root of modulus one is simple. 

That is, 0( ) det[ ] 0.r rA Ar ¢= - =
0A  and 1A  are the coefficients of , 1(1)6n iy i+ =

 
and ny  in (6). This is demonstrated below

(0) (1)
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det[ ] 00 0 0 0 0 0 0 0 0 0 1
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r
r

r
rA A r

r
r
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Hence the roots of the above matrix are 0, 0, 0, 0, 0 
with max r=1. Therefore, by the above definition, our 
method is zero stable. 

3.3 Consistency
A method is consistent if the order is greater than one. 
Hence our method is consistent. Hence the method is 
convergent.

3.4 Numerical Results
The following problems are considered for the purpose of 
testing our method
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1. , (0) 0, (0) 1, (0) 0, (0) 0, 0.1vy x y y y y h¢ ¢ ¢¢ ¢¢¢= = = = = =

Exact solution: 
5

( )
120
xy x x= +

The problem above was solved by author13 using the 
developed block method of step-length k=6 with h=0.1 
for special fourth order ordinary differential equations. 
The same problem is solved by our method and we 
compared our result with their result as shown in Table 1 
(Refer to the Appendix). 

1.12. 0 0 , (0) 0, (0)
2 72 50

1 1.2(0) , (0)
144 100 144 100

vy y x y y

y y

p
p

p p

-¢ ¢¢ ¢+ = £ £ = =
-

¢¢ ¢¢¢= =
- -

Exact solution: 
1 cos 1.2sin( )

144 100
x x xy x

p
- - -

=
-

This problem above was solved by2 where a 5-step bock 
method was developed with h=0.01. Our method is used 
to solve the same problem and our result is compared 
with their result. This is shown in Table 2 (Refer to the 
Appendix).

2 2 23. ( ) ( ) 4 (1 4 ) 0 1

(0) 1, (0) 1, (0) 3, (0) 1

v xy y y y x e x x x

y y y y

¢ ¢ ¢¢= - - + - + £ £

¢ ¢¢ ¢¢¢= = = =

Exact solution: 2 xx e+

The above problem was also solved by the scholar2 using 
a 5-step block method with h=0.01. We also apply our 
method to the same problem and compared our result 
with their result. This is shown is Table 3 (Refer to the 
Appendix).

4.  Conclusion

A zero-stable block method has been developed in this 
paper. The new method is used to solve fourth order initial 
value problems of ordinary differential equations and the 
results generated are compared with those in Tables 1, 2 
and 3. The obtained results are found far better than the 
existing methods in terms of accuracy. 

5.  References
1. Adesanya AO, Udoh DM, Ajileye AM. A new hybrid block 

method for direct solution of general third order initial val-
ue problems of ordinary differential equations. Intern J of 
Pure and Applied Mathematics. 2013; 42:4. 

2. Adesanya AO, Momoh AA  Alkali, Adamu M, Tahir A. Five 
steps block method for the solution of fourth order ordi-
nary differential equations. Int Journal of Eng Research and 
App. 2012; 2:991–98.

3. Adesanya AO, Anake TA, Oghonyon GJ. Continuous im-
plicit method for the solution of general second order ordi-
nary differential equations. Journal of the Nigerian Associ-
ation of Mathematical Physics. 2009; 15:71–8.

4. Anake TA, Awoyemi DO, Adesanya AO, Famewo MM. 
Solving general second order ordinary differential equa-
tions by a one-step hybrid collocation method. Internation-
al Journal of Science and Technology. 2012; 2:164–8.

5. Awoyemi DA. Class of continuous methods for general 
second order initial value problems in ordinary differential 
equations. International Journal of Computer Mathemat-
ics. 1999; 72:29–37.

6. Awoyemi DO, Kayode SJ. Maximal order multistep deriva-
tive collocation method for direct solution of fourth order 
initial value problems of ordinary differential equations. J 
Nig Math. 2004; 23:53–64.

7. Fatunla SO. Numerical methods for initial value problems 
in ordinary differential equations. Academic Press Profes-
sional, Inc.; 1988.

8. Henrici P. Discrete variable method in ordinary differential 
equations. New York: John Wiley and Sons; 1962.  

9. James A, Adesanya A, Sunday J, Yakubu D. Half-step con-
tinuous block method for the solutions of modelled prob-
lems of ordinary differential equations. American Journal 
of Computational Mathematics.  2013; 3:261.

10. Jator SN. A sixth order linear multistep method for direct 
solution of second order ordinary differential equations. In-
ternational Journal of Pure and Applied Mathematics. 2007; 
40(1):457–72.

11. Lambert JD. Computational methods in ordinary differen-
tial equation. John Wiley & Sons Inc.; 1973.

12. Lambert J, Watson I. Symmetric multistep methods for 
periodic initial value problems. IMA Journal of Applied 
Mathematics. 1976; 18:189–202.

13. Olabode BA. Six-step block method for fourth order ordi-
nary differential equations. The Pacific Journal of Science 
and Technology. 2009.

14. Olabode B. An accurate scheme by block method for the 
third order ordinary differential equation. Pacific Journal 
of Science and Technology. 2009; 10.

15. Omar Z, Suleiman M. Solving second order odes direct-



J. O. Kuboye and Z. Omar

Vol 8(12) | June 2015 | www.indjst.org Indian Journal of Science and Technology 7

ly using parallel 2-point explicit block method. Prosiding 
Kolokium Kebangsaan Pengintegrasian Teknologi Dalam 
Sains Matematik; Malaysia: Universiti Sain; 1999. p. 390–5.

16. Omar Z, Suleiman M. Parallel r-point implicit block meth-
od for solving higher order ordinary differential equations 
directly. Journal of ICT. 2004; 3:53–66.

17. Omar Z, Suleiman M. Solving higher order odes directly 
using parallel 2-point explicit block method. Matematika. 
Pengintegrasian Teknologi Dalam Sains Matematik. Uni-
versiti Sains Malaysia;  2005; 21:15–23.

18. Twizell GH, Khaliq AQ. Multi derivative method for pe-
riodic IVPs. SIAM Journal of Numerical Analysis. 1984; 
21:111–21.

19. Mohammed U. A six-step block method for the solution of 
fourth order ordinary differential equations. Pacific J of Sci 
and Tech. 2010; 11:259–65.

20. Vigo-Aguilar J,  Ramos H. Variable step size implementa-
tion of multistep methods for second order ordinary differ-
ential Equations. J of  Comp Math. 2006; 192:114–31.

Table 3.    Comparison of the results of the new method with the method2

X Exact solution y(x) Computed solution Error in method2 k=5 Error in new method K=6
0.01 1.010150167084167900 1.010150167084168200 9.0460E-13 2.220446E-16
0.02 1.020601340026755700 1.020601340026755700 2.1516E-12 0.000000E+00
0.03 1.031354533953516800 1.031354533953516800 3.7549E-12 0.000000E+00
0.04 1.042410774192388300 1.042410774192388300 5.6885E-12 0.000000E+00
0.05 1.053771096376024100 1.053771096376024100 7.8819E-12 0.000000E+00
0.06 1.065436546545359700 1.065436546545359700 1.0212E-11 0.000000E+00
0.07 1.077408181254216400 1.077408181254226900 1.2497E-11 1.043610E-14
0.08 1.089687067674958600 1.089687067674993200 1.4486E-11 3.463896E-14
0.09 1.102274283705210400 1.102274283705289200 1.5849E-11 7.882583E-14
0.10 1.115170918075647700 1.115170918075798300 1.6159E-11 1.505462E-13

Table 2.    Comparison of the results of the new method with the method2

X Exact solution y(x) Computed solution Error in method2k=5 Error in new method K=6
0.01 0.000128995622844037 0.000128995622844037 6.5052E-19 5.421011E-20
0.02 0.000257396543210136 0.000257396543210136 1.3010E-18 5.421011E-20
0.03 0.000385195797911474 0.000385195797911474 4.7704E-18 2.710505E-19
0.04 0.000512386483927295 0.000512386483927295 1.7347E-17 1.084202E-19
0.05 0.000638961759093202 0.000638961759093201 4.3368E-17 3.252607E-19
0.06 0.000764914842785370 0.000764914842785370 9.5409E-17 3.252607E-19
0.07 0.000890239016598605 0.000890239016598605 1.8127E-16 0.00000E+00
0.08 0.001014927625018177 0.001014927625018175 3.1571E-16 1.734723E-18
0.09 0.001138974076085363 0.001138974076085358 5.1868E-16 4.336809E-18
0.10 0.001262371842056641 0.001262371842056632 8.0491E-16 8.456777E-18

Appendix
Table 1.    Comparison of the results of the new method with the results13

X Exact solution Computed solution Error  in the method13 K=6 Error in new method, K=6 
0.1 0.100000083333333340 0.100000083333333340 7.0000E-10 0.000000E+00
0.2 0.200002666666666690 0.200002666666666690 8.9999E-10 0.000000E+00
0.3 0.300020250000000040 0.300020250000000040 2.0999E-10 0.000000E+00
0.4 0.400085333333333350 0.400085333333333350 5.1000E-09 0.000000E+00
0.5 0.500260416666666650 0.500260416666666650 7.7999E-09 0.000000E+00
0.6 0.600648000000000070 0.600648000000000070 1.1800E-08 0.000000E+00
0.7 0.701400583333333440 0.701400583333333440 1.2400E-08 0.000000E+00
0.8 0.802730666666666700 0.802730666666666810 1.4100E-08 1.110223E-16
0.9 0.904920750000000160 0.904920750000000050 1.8800E-08 1.110223E-16
1.0 1.008333333333333300 1.008333333333333300 2.6000E-08 0.000000E+00



Vol 8(12) | June 2015 | www.indjst.org Indian Journal of Science and Technology8

New Zero-stable Block Method for Direct Solution of Fourth Order Ordinary Differential Equations 

Table 3.    Comparison of the results of the new method with the method2

X Exact solution y(x) Computed solution Error in method2 k=5 Error in new method K=6
0.01 1.010150167084167900 1.010150167084168200 9.0460E-13 2.220446E-16
0.02 1.020601340026755700 1.020601340026755700 2.1516E-12 0.000000E+00
0.03 1.031354533953516800 1.031354533953516800 3.7549E-12 0.000000E+00
0.04 1.042410774192388300 1.042410774192388300 5.6885E-12 0.000000E+00
0.05 1.053771096376024100 1.053771096376024100 7.8819E-12 0.000000E+00
0.06 1.065436546545359700 1.065436546545359700 1.0212E-11 0.000000E+00
0.07 1.077408181254216400 1.077408181254226900 1.2497E-11 1.043610E-14
0.08 1.089687067674958600 1.089687067674993200 1.4486E-11 3.463896E-14
0.09 1.102274283705210400 1.102274283705289200 1.5849E-11 7.882583E-14
0.10 1.115170918075647700 1.115170918075798300 1.6159E-11 1.505462E-13

Table 2.    Comparison of the results of the new method with the method2

X Exact solution y(x) Computed solution Error in method2k=5 Error in new method K=6
0.01 0.000128995622844037 0.000128995622844037 6.5052E-19 5.421011E-20
0.02 0.000257396543210136 0.000257396543210136 1.3010E-18 5.421011E-20
0.03 0.000385195797911474 0.000385195797911474 4.7704E-18 2.710505E-19
0.04 0.000512386483927295 0.000512386483927295 1.7347E-17 1.084202E-19
0.05 0.000638961759093202 0.000638961759093201 4.3368E-17 3.252607E-19
0.06 0.000764914842785370 0.000764914842785370 9.5409E-17 3.252607E-19
0.07 0.000890239016598605 0.000890239016598605 1.8127E-16 0.00000E+00
0.08 0.001014927625018177 0.001014927625018175 3.1571E-16 1.734723E-18
0.09 0.001138974076085363 0.001138974076085358 5.1868E-16 4.336809E-18
0.10 0.001262371842056641 0.001262371842056632 8.0491E-16 8.456777E-18

Appendix

Table 1.    Comparison of the results of the new method with the results13

X Exact solution Computed solution Error  in the method13 K=6 Error in new method, K=6 
0.1 0.100000083333333340 0.100000083333333340 7.0000E-10 0.000000E+00
0.2 0.200002666666666690 0.200002666666666690 8.9999E-10 0.000000E+00
0.3 0.300020250000000040 0.300020250000000040 2.0999E-10 0.000000E+00
0.4 0.400085333333333350 0.400085333333333350 5.1000E-09 0.000000E+00
0.5 0.500260416666666650 0.500260416666666650 7.7999E-09 0.000000E+00
0.6 0.600648000000000070 0.600648000000000070 1.1800E-08 0.000000E+00
0.7 0.701400583333333440 0.701400583333333440 1.2400E-08 0.000000E+00
0.8 0.802730666666666700 0.802730666666666810 1.4100E-08 1.110223E-16
0.9 0.904920750000000160 0.904920750000000050 1.8800E-08 1.110223E-16
1.0 1.008333333333333300 1.008333333333333300 2.6000E-08 0.000000E+00


