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1.  Introduction

In this paper, a fourth order ordinary differential 
equations of the form

(4)
0( , , , , ) [ , ]y f x y y y y x x bµ ¢ ¢¢ ¢¢¢= Î

with initial conditions 
( )

0( ) , 0(1)3m
my x y m= =  is 

considered. 
Conventionally, (1) is transformed into an equivalent 

system of first order ordinary differential equations and 
thereafter suitable numerical method would be applied 
to solve the resultant system. This technique is widely 
discussed by authors 5,7,11,12  amongst others. In spite of the 
success recorded on this approach, a lot of setbacks were 
also discovered such as computational burden that usually 
affects the accuracy of the results and the computation 
time.

To cater for the setbacks mentioned above, several 
researchers 2–3,6,13,15–18 to mention a few, developed methods 

for solving higher order directly without going through 
the process of reduction. It was found that this method 
is better in terms of accuracy than when the differential 
equation is reduced to system of first order ordinary 
differential equations.

Numerical schemes which include the predictor-
corrector method and block method have been proposed 
by many scholars. It is observed that predictors are in 
reducing order of accuracy which always affects the 
efficiency of the predictor-corrector method. In addition, 
the method requires much human effort and computer 
time9.

In order to overcome the weaknesses in predictor-
corrector method, block method was introduced by Milne 
in 1953. It was formerly used as a predictor for predictor-
corrector algorithm and later adopted as a full method1,4. 
Scholars such as2,10,13,19  adopted a block method for direct 
solution of higher order ordinary differential equations 
whereby it accuracy was confirmed better than predictor-
corrector method. 
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In this study, a zero-stable block method for step-
length of six is proposed. The method employs collocation 
and interpolation strategy.

2.  Derivation of the Method

A power series of the form 
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considered as an

 
approximate

 
solution to equation(1)for 

k=6. Differentiate (2) four times gives 
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Equation (2) is interpolated at the selected grid points 

( 4)(1)( 2)n ix x i k k+= = - -  and equation (3) is 
collocated at the points. 0(1)n ix x i k+= =  This gives a 
system of non-linear equation of the form
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Solving (4) for the unknowns constants a’s and 

substituting into (2) gives a continuous linear multistep 
method in the form
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Evaluating (5) at , 0,5n ix x i+= = and 6, the first, 
second and third derivative at , 0(1)6n ix x i+= = . This 
gives the discrete schemes and its derivatives. Therefore 
using the matrix inversion, this produces the block of the 
form

 0 ' 2 ''
1 1 1

3 ''' 4 0 '
1 1( )

N N N N

N N N

A Y A Y hA Y h B Y

h B Y h E F E F
- - -

- -
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¢¢ + +
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3.  �Analysis of the Properties of 
the Method

3.1 Order of the Method
Our method (6) has a uniform order [7,7,7,7,7,7]T  
together with error constants

39 109 243 361 430 8[ , , , , , ]
74183 13912 7700 4457 2599 275

T

. This is done by 
the method proposed by the author 11. 

3.2 Zero Stability
The method (6) is said to be zero-stable if no root of the 
first characteristic polynomial ( )rr  is having a modulus 
greater than one and every root of modulus one is simple. 

That is, 0( ) det[ ] 0.r rA Ar ¢= - =
0A  and 1A  are the coefficients of , 1(1)6n iy i+ =

 
and ny  in (6). This is demonstrated below

(0) (1)
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det[ ] 00 0 0 0 0 0 0 0 0 0 1
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r
r

r
rA A r

r
r
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Hence the roots of the above matrix are 0, 0, 0, 0, 0 
with max r=1. Therefore, by the above definition, our 
method is zero stable. 

3.3 Consistency
A method is consistent if the order is greater than one. 
Hence our method is consistent. Hence the method is 
convergent.

3.4 Numerical Results
The following problems are considered for the purpose of 
testing our method
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1. , (0) 0, (0) 1, (0) 0, (0) 0, 0.1vy x y y y y h¢ ¢ ¢¢ ¢¢¢= = = = = =

Exact solution: 
5

( )
120
xy x x= +

The problem above was solved by author13 using the 
developed block method of step-length k=6 with h=0.1 
for special fourth order ordinary differential equations. 
The same problem is solved by our method and we 
compared our result with their result as shown in Table 1 
(Refer to the Appendix). 

1.12. 0 0 , (0) 0, (0)
2 72 50

1 1.2(0) , (0)
144 100 144 100

vy y x y y

y y

p
p

p p

-¢ ¢¢ ¢+ = £ £ = =
-

¢¢ ¢¢¢= =
- -

Exact solution: 
1 cos 1.2sin( )

144 100
x x xy x

p
- - -

=
-

This problem above was solved by2 where a 5-step bock 
method was developed with h=0.01. Our method is used 
to solve the same problem and our result is compared 
with their result. This is shown in Table 2 (Refer to the 
Appendix).

2 2 23. ( ) ( ) 4 (1 4 ) 0 1

(0) 1, (0) 1, (0) 3, (0) 1

v xy y y y x e x x x

y y y y

¢ ¢ ¢¢= - - + - + £ £

¢ ¢¢ ¢¢¢= = = =

Exact solution: 2 xx e+

The above problem was also solved by the scholar2 using 
a 5-step block method with h=0.01. We also apply our 
method to the same problem and compared our result 
with their result. This is shown is Table 3 (Refer to the 
Appendix).

4.  Conclusion

A zero-stable block method has been developed in this 
paper. The new method is used to solve fourth order initial 
value problems of ordinary differential equations and the 
results generated are compared with those in Tables 1, 2 
and 3. The obtained results are found far better than the 
existing methods in terms of accuracy. 
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0.04 1.042410774192388300 1.042410774192388300 5.6885E-12 0.000000E+00
0.05 1.053771096376024100 1.053771096376024100 7.8819E-12 0.000000E+00
0.06 1.065436546545359700 1.065436546545359700 1.0212E-11 0.000000E+00
0.07 1.077408181254216400 1.077408181254226900 1.2497E-11 1.043610E-14
0.08 1.089687067674958600 1.089687067674993200 1.4486E-11 3.463896E-14
0.09 1.102274283705210400 1.102274283705289200 1.5849E-11 7.882583E-14
0.10 1.115170918075647700 1.115170918075798300 1.6159E-11 1.505462E-13
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Table 1.    Comparison of the results of the new method with the results13
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