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Abstract
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1. Primary Concepts
Definition 1.1 Laplace transform of the function f t( ) is 
defined as follows

 
L f t t s e f t dt F sst{ ( ); } ( ) : ( ).→ = =∫ −

∞

0  (1.1)

If
 
 L f t F s{ ( )} ( )= , then L F s−1{ ( )} is given by

 
f t

i
e F s dsst

c i

c i
( ) ( ) ,= ∫

− ∞

+ ∞1
2p  (1.2)

where F s( ) is analytic in the region
 
Re( )s c> .

Definition 1.2 For an arbitrary real number α α> − ≤ < ∈0 1( , )n n n N 
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Definition 1.3 The Dirac delta function is defined by 
some authors as the function having the properties
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Where f( )x  is any continuous and bounded 
 function.

Problem 1.4 Evaluate inverse Laplace transform of the 
function
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Solution. Integrating over the close contour Γ we have
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 (1.3)
Now we show that the integrals along the arcs C CR R, ′ 

tend to zero as R → ∞,
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making a new change of variable αq = w one can rewrite 
the above integral as below,
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again making a new change of variable j p= +
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On the other hand, α αq p j p d p
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thus, the final solution is obtained as below
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Problem 1.5 Evaluate the inverse Laplace transform of 
the function
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Solution. By using the definition of the inverse Laplace 
transform one has
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but the function F s( ) has a branch point at s1 = −l  and a 
simple pole at s2 = −m. Now by integrating along the con-
tour Γ shown in figure 1.2 we have
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It suffices to evaluate the integrals along the segments 
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making a new change of  variable u x= − , one can rewrite 
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Lemma 1.6 (Titchmarsh) Let F p( ) be an analytic 
function having no singularities in the cut plane C R\ −. 
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Problem 1.7 Find inverse Laplace transform of the func-
tion discussed in problem 1.4
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by using Titchmarsh formula in lemma1.6.
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one can observe that the result which obtained here is 
exactly the same as relationship (1.5).

Difinition 1.8 Finite Fourier sine and cosine transforms 
are defined as
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Difinition 1.9 Laguerre differential equation is defined 
as
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Lemma 1.10 : The following integral relations hold true.
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2.  Two Dimensional Laplace 
Transform

Definition 2.1 Two dimensional Laplace transform of 
the function f x y( , )  is defined as
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now, we consider two cases for h x y( , ) : y x> and y x<
and integrate over these regions and add them together  
to obtain

L h x y e e f u x g u y k u dudxdy

e

p q qy px
y

y
2

00

( , ) { ( , )} ( ) ( ) ( )= ∫ − −∫∫

+

− −
+∞∞

−− −
+∞+∞

− −∫∫∫ px qy

x

x
e f u x g u y k u dudydx( ) ( ) ( ) ,

00

 

(2.9)

changing the order of the inner integrals we have

= −∫ −∫∫

+ −∫

−
∞

−
∞

−
∞

e g u y k u e f u x dxdudy

e f u x k u

qy

y

px
y

px

x

( ) ( ) ( )

( ) ( )

00

ee g u y dydudxqy
x

−
∞

−∫∫ ( ) ,
00

by a change of variables u x− = h  in the first triple integral 
and u y− = x  in the second triple integral, one gets

 

= −∫ ∫∫

+ −

− −
∞

−

∞

− −

e e g u y k u e f d dudy

e e f u x

qy pu

y

p

u y

u

px qu

( ) ( ) ( )

( )

h h h
0

kk u e g d dudx
x

q

u x

u
( ) ( ) ,

∞

−

∞

∫ ∫∫ x x x
0  (2.10)

now we change the order of outer integrals in both terms 
of the above equation, to get

= −∫ ∫∫

+

− −

−

∞

− −

e k u e g u y e f d dydu

e k u e f

pu qy
u

p

u y

u

qu px

( ) ( ) ( )

( ) (

00

h h h

uu x e g d dxdu
u

q

u x

u
−∫ ∫∫

−

∞
) ( ) ,

00

x x x

again by a change of new variables u x− = h  in the second 
triple integral and u y− = x in the first triple integral we 
have

= ∫ ∫∫

+

− +
∞

− +

e k u e g e f d d du

e k u e

u p q q
u

p
u

u p q p

( )

( )

( ) ( ) ( )

( )

x h

x

h

x h h x
00

ff e g d d du
u

q
u

( ) ( ) ,h x x hx

h00
∫ ∫∫

∞

it means that

L h x y e k u e g e f d dp q u p q q p
uu

2
00

( , ) ( ){ ( , )} ( ) ( ) ( )= ∫∫

∫ − +

∞
x h

x
x h h x

++ ∫∫



e f e g d d dup q
uu

h x

h
h x x h( ) ( ) ,

0

and consequently

L h x y e k u e f x g y dxdy dup q u p q px qy
uu

2
000

( , ) ( ){ ( , )} ( ){ ( ) ( ) }= ∫∫− + +
∞

∫∫ .

Lemma 2.6 The following relationship holds true

 

L K x y x p y q

q p
p

p
q

q

p q
2 0

1

2

1

2

1
1 1

( , ){ ( ); , }

cos cos
.

+ → →

=
− −

−
−











− −

 (2.11)

Proof. By using the following integral representation 
we have

 
K x y x y d0

0
( ) cos(( )sinh ) .+ = +∫

∞
q q

 (2.12)

Now, from definition of two dimensional Laplace 
transform one has

L K x y e x y dp q px qy
2 0

000

( , ) ( ){ ( )} cos(( )sinh )+ = +∫



∫∫ − +

∞∞∞
q q ddxdy,

by using the following elementary relationship

cos( sinh sinh ) cos( sinh )cos( sinh )
sin( sinh )sin(

x y x y
x y

q q q q
q

+ =
− ssinh ),q

and changing the order of integrals, we can write

L K x y
pq

p q
d

p
p

p q
2 0

2

2 2 2 2
0

2

( , ) { ( )}
sinh

( sinh )( sinh )
+ =

−
+ +∫

=
+

∞ q
q q

q

ssinh sinh
.2 2 2

0 q q
q−

+






∫ −

∞ q
q

d
q p

By manipulating similarly to what we have done in 
lemma 2.2, one gets finally

L K x y x p y q
q p

p
p

q
q

p q
2 0

1

2

1

2

1
1 1

( , ){ ( ); , }
cos cos

.+ → → =
− −

−
−











− −

Corollary 2.7 The following relationship holds true

 
L K x y

p q
p

p
q

q
p q

2 0 2 2

1
1 1

( , ){ }
arccos arccos

.− =
+ −

+
−











 (2.13)

Proof. By using the following integral representation for 

K x0 ( )

 
K x x d0

0
( ) cos( sinh ) ,= ∫

∞
q q

 (2.14)
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we have

 
K x y x y d0

0
− = −∫

∞
cos( sinh ) .q q

 (2.15)
Because of the symmetry property of the cosine func-

tion we can write

 
K x y x y d0

0
− = −∫

∞
cos(( )sinh ) .q q

 (2.16)
Now, from definition of two dimensional Laplace 

transform and lemma 2.5 we have

L K x y

e x y d dx

p q

px qy

2 0

000

( , )

( )

{ }

cos(( )sinh )

−

= −∫



∫∫ − +

∞∞∞
q q ddy

p q
p

p
q

q
=

+ −
+

−











1
1 12 2

arccos arccos
.

Corollary 2.8 The following relationship holds true

L K x xy y

e er

p q

t
p q pq

2 0
2 2

2

2
1

2

2

2 2

2

,

(
cos

sin
)

{ ( cos )}

sin

+ +

=
+ −

−

q

p
q

q
q ffc

p q t
erfc

p q t
dt(

( )

sin
) (

( )

cos
) .

−
∫

+∞

2
2

2
2

0 q q

Proof. By using the following integral representation 
for modified Bessel function of the second kind or the  
Mac – Donald function of order zero

K z t z
t

dt
t

z0

2

0

1
2 4

0( ) exp( ) , ,= − − >∫
∞

and substituting z x xy y= + +2 22 cosq  we have

K x xy y e dt
t

t
x xy y

t
0

2 2
2

4

0
2 1

2

2 2

( cos ) ,
cos

+ + = ∫
− −

+ +∞
q

q

now, by definition of Laplace transform we get

L K x xy y

e e

p q

px qy t
x xy y

2 0
2 2

00

2

2

1
2

2 2

,

cos

{ ( cos )}

{

+ +

= ∫∫ − −
∞∞ − −

+ +

q
q

44

0

t dt
t

dxdy} ,
∞

∫

it suffices to change the order of integrals and use the 
change of variables

h

x

= −

= +










x y

x y
2 2

2 2

,

to get the following relationship after some manipulations

L K x xy y

e
t

e d

p q

t q p
t

2 0
2 2

2
1

4

0

2

1
2

2

,

( ) cos

{ ( cos )}+ +

= ∫



− − − −∞

q

h
h h q 


∫







∫
− + − +∞∞

e d dt
q p

t
x x q

x2
1

4

00

2( ) cos

,

now, considering two inner integrals as Laplace transform 
of functions the final result will be

L K x xy y

e er

p q

t
p q pq

2 0
2 2

2

2
1

2

2

2 2

2

,

(
cos

sin
)

{ ( cos )}

sin

+ +

=
+ −

−

q

p
q

q
q ffc

p q t
erfc

p q t
dt(

( )

sin
) (

( )

cos
) .

−
∫

+∞

2
2

2
2

0 q q

Lemma 2.9 (Evaluation of convergent series by means of 
two dimensional Laplace transform) Show that

 
S L x L y e x yn n

y

n
= = −∑

=

∞
( ) ( ) ( ). ( . )l m

l
d m

l

m

0
2 17

 (2.17)

Proof. From definition 1.9 we know that8

 
L L x

p pn
n{ ( )} ( ) , ( . )= −1 1 1 2 18

 (2.18)

and consequently

 
L L x

p pn
n{ ( )} ( ) , ( . )l l= −1 1 2 19

 (2.19)
(Since

 
L f x

a
aF ap{ ( )} ( )= ). Now, taking two dimen-

sional Laplace transform of series S to get

L S
p p q q

pq p q

p q n n

n

n

2
0

1 1 1 1

1 1 1

( , ){ } ( ) ( )

( ) ( )

= − × −








∑

= − −

=

∞ l m

l m nn

n=

∞
∑

0
,

and this is a geometric series which converges to

1 1

1 1 1

1
pq

p q
q p

×
− − −

=
+ −( )( )

.l m l m lm

Then taking the inverse two dimensional Laplace 
transform leads to

S L
q p

i
e

i
e

q p
dpqy

px

c i

c i

=
+ −

=
+ −∫







−

− ∞

+ ∞

2
1 1

1
2

1
2

{ }

’

’

l m lm

p p l m lm ∫
− ∞

+ ∞
dq

c i

c i
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S n

n
Rn

n
( ) ( )

( )
, ( ) ( . )l

l
l= −

+
∑ ∈−

=

∞
+1 2 3 21

2 2 2
1  (3.2)

our purpose is to obtain new integral representations for  
the above series, it is obvious that the series are conver-
gent( see 11 ).

Lemma 3.1 The following relationship holds true for the 
Mathieu series

S n
n

e
e y e y

y
dy

n

y

=
+

∑

=
−

− +

=

∞

−
− −

2

1
2 1

2
2

2 2 2
1

2 2
2

0

( )

( )
(( ) )cot

l

l
ppl

l pl
22p

∫ .

Proof. By definition of two dimensional Laplace trans-
form we have

F p q L x y

e x y e dx dy

p q

qy px

( , ) {sin ( )}

sin ( )

( , )= +

= +∫





− −
∞∞

2

00

l

l∫∫

=
+
+









∫

=
+

+ +

−
∞

e
p y y

p
dy

p q
q p

qy sin cos

( )
( )( )

.

l l l
l

l
l l

2 2
0

2 2 2 2

We know that (see 2)

 
F n n

e
wdy dww

w

n
( , ) ( sin ) , ( . )=

− ∫∫∑
∞

=

∞ 1
1

3 3
001

l
 (3.3)

it means that

 

2 1
1

3 42 2 2
01

n
n

w w
e

dww
n ( )

sin
. ( . )

+
=

−∫∑
∞

=

∞

l l
l

 (3.4)

Let us evaluate the following integral

 
I

w
e

dww( )
cos

, ( . )l
l

=
−∫

∞

1
3 5

0  (3.5)

and then differentiate it with respect to l to get the 
desired result. For this purpose, let us consider the com-
plex function

 
f z e

e

i z

z( ) , ( . )=
−

l

1
3 6

 (3.6)

with simple poles at points z i= 0 2, p . Consider the follow-
ing integral along the path which is shown in figure 3.1

= × −
−

∫

= −

− ∞

+ ∞1 1
2m p

l lm
m

m
d l

m

l

i
q

x e dq

e y x
c i

c i
qy

x

exp( )

( ),

or by replacing x  by y and y by x  we get

S e x y
y

= −
m

l
d m

l
( ).

Lemma 2.10 The following relationship holds true

I
ber K d

J= =∫
∞ ( ) ( )

( ).
x x x

x
p4

0
0

0

2
2

1
8

Proof. By making a change of variables x = u we have

I ber u K u du= ∫
∞

2 20
0

( ) ( ) ,

now introducing the following integral by using a new 
variable t

I t ber ut K u du( ) ( ) ( ) ,= ∫
∞

2 20
0

it suffices to take Laplace transform of I t( )  with respect 
to t  to obtain 

L I t t s
s

u
s

K u du

s
s

s

{ ( ); } cos ( )

,

→ = ∫

=
+

=
+

∞2
4

2

2

2 1
16

4 2 1
64

0
0

2
2

p p

consequently, the final result will be obtained by taking 
inverse Laplace transform and letting t = 1  as below

I I t L
s

s t J= = =
+

→ = =−( ) { ; } ( ).1
2 1

64

1
2

1
8

1

2
0

p p

3. Mathieu Series
Thefollowing infinite series

 
S n

n
R

n
( )

( )
, ( ) ( . )l

l
l=

+
∑ ∈
=

∞
+2 3 12 2 2

1  (3.1)

is named after Émile Leonard Mathieu (1835-1890), who 
is investigated in his work on elasticity of solid bodies. An 
alternating version of Mathieu series (4.1) is in the form



A. Aghili and H. Zeinali 

Indian Journal of Science and Technology 885Vol 7 (6) | June 2014 | www.indjst.org

 

1
2

0 3 7
pi

f z dz( ) . ( . )=∫
Γ


 (3.7)

Moving along the path Γ counterclockwise we get

 

e
e

dw e
e

idy e
e

dw
i w

w

i R iy

R iy

R i w i

w i

l lp

e

l p

p−
+

−
+∫∫ −

+

+

+

+1 1 10

2 2

2

( ) ( )

RR

i i e

i e
i

i iy

iy

e
e

i e d e
e

idy
i

i

e

l p e

p e
q

p
l

e

q

q e q

∫

+
−

∫ −
−

+

+

− ( ) ( )2

2
0

2

1 1

22

2

0

1
0

p e

l e

e
q

p

q

q e q

−

∫

+
−

∫ =e
e

i e d
i e

e
i

i

i

( )

.

 (3.8)

One obtains the following relationship if R → +∞ →,e 0 
in (3.8)

 

e
e

dw e e
e

dw ie d

i e
e

i w

w

i w

w

y

iy

l
pl

l
pl

p

l

q
−

−∫ −
+∫ ∫

−
−

−
+∞ +∞

−
−

−

1 1
2

0 0

2

0

2

11
0

2

0

0

2
dy id+ ∫∫ =q

p

p
,

 (3.9)
Consequently, we have

( ) ( ) ,1
1 2

1
1

02 2

0 0

2
−

−
− +∫ −

−∫ =− −
+∞ −

e e
e

dw i e i e
e

dy
i w

w

y

iy
pl

l
pl

lpp

 
(3.10)

The above relationship can be rewritten as following 
after simple manipulations

e
e

dw i e
e

i
e

e y i

i w

w

y

l pl

pl

pl

l

p
−

= +
−∫

+
−

− −

−

−

+∞

−

−

1 2
1
1

1
1

1

2

2
0

2

(cos sin yy
y y

dy
)

(cos ) sin
.

− +∫ 1 2 2
0

2p

At this point, it suffices to take real part of the above 
relationship, to obtain

 

cos sin
( cos )

,
l

pl

lpw
e

dw
e

e y
y

dyw

y

−
=∫ − −∫

+∞

−

−

1
1

1 2 10
2

0

2

 (3.11)

differentiating (3.11) with respect to l  and then 
 multiplying by 1

l  
we get 

 

1
1

1
1

2
2 1

0

2 2

2

l
l

l
p

pl

l pl

w w
e

dw

e
e e y y y

w

y

sin

( )
( ( ) )sin

(

−∫

= −
−

− −

+∞

−

− −

−−∫ cos )
,

y
dy

0

2p

 (3.12)

now, from (3.4) it is clear that

 

S n
n

e
e e y y y

n

y

=
+

∑

= −
−

− −
−

=

∞

−

− −

2

1
1

2
2 1

2 2 2
1

2 2

2

( )

( )
( ( ) )sin

(

l

l
p

pl

l pl

ccos )
,

y
dy

0

2p

∫
  (3.13)

or we may write

 
S

e
e y e y

y
dyy=

−
− +∫−

− −1
2 1

2
22 2

2

0

2

l
ppl

l pl
p

( )
(( ) )cot .

 (3.14)

Lemma 3.2 The following relationship holds true for 
alternating Mathieu series

 

S n
n

e
e e y y

n

n

y

= −
+

∑

= −
−

− −

−

=

∞

−
− −

( )
( )

( )
( ( )

1 2

1
2 1

2

1
2 2 2

1

2 2
2

l

l
ppl

l pl )) tan .
y

dy
20

2p

∫
 (3.15)

Proof. Similarly to lemma 3.1 from the following inte-
gral representation for alternating Mathieu series

 
( )

( )
sin

,−
+

=
+∫∑ −

∞

=

∞
1 2 1

1
1

2 2 2
01

n
w

n

n
n

w w
e

dw
l l

l

 (3.16)

we have to evaluate

 
I

w
e

dww( )
cos

,l
l

=
+∫

∞

10  (3.17)

and then differentiate  with respect to l to get the desired 
result.

Let us consider the complex function

 
g z e

e

i z

z( ) ,=
+

l

1  (3.18)

with simple pole at point z i= p . Consider the following 
integral along the path which is shown in figure 3.2

 

1
2

0
pi

g z dz( ) .
’

=∫
Γ


 (3.19)Figure 3.1
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Similarly to lemma 3.1 and after performing all the 
calculations, we get the desired result

S n
n

e
e y e y

n

n

y

= −
+

∑

=
−

− +

−

=

∞

−
− −

( )
( )

( )
(( ) )

1 2

1
2 1

2

1
2 2 2

1

2 2
2

l

l
ppl

l pl ttan .
y

dy
20

2p

∫

4.  Generalized Stieltjes and Post 
Widder Integral Transforms

Definition 4.1 Generalized Stieltjes transform is 
defined as follows

F y S f t t y
f t

t y
dt y( ) { ( ); }

( )
( )

, arg= → =
+∫ <

∞

r r p
0

that has as its inverse transform(see 12)

S F y y t
i

t y F ty dy
C

r
r r

p
r− −→ = − + ′ >∫1 11

2
1 0{ ( ); } ( ) ( ) .

In the special r = 1 case the transform in the above 
relation reduces to the Stieltjes transform

 
S f t t y

f t
t y

dt{ ( ); }
( )

.→ =
+∫

∞

0  (4.1)

It is well– known that the second iterate of the Laplace 
transform is Stieltjes transform, that is 

 L f t y L L f t u y S f t y2 { ( ); } { { ( ); }, } { ( ), }.= =  (4.2)

Example 4.2 Evaluate Stieltjes transform of the function 
cos( )a x .

Solution. By definition we have

S a x x z a x
x z

dx{cos( ); } cos( ) ,→ =
+∫

∞

0

making a change of variables x u= 2 we get

S a x x z u
u z

au du{cos( ); } cos( ) ,→ =
+∫

∞
2 2

0

by cosine Fourier transform it can be written in the form

S a x x z F u
u z

u a a ec
a z{cos( ); } { ; } .→ =

+
→ = −2 1

42
2p

Example 4.3 Solving the following Stieltjes type singular 
integral equation.

j( ) ( ) ( )x
x z

dx n n
zn+∫ =

−∞

0

1 1 1Γ Γ

Solution. We know that Stieltjes transform is the sec-
ond iterate of Laplace transform, so we have

L
n n

z z t
n

tn n− − −
− → = −1

1 1 1
1 1 1 1 1{ ( ) ( ) ; } ( )Γ Γ Γ

and consequently

L
n

t t x xn n− − −
− → =1

1 1 1

1 1{ ( ) ; }Γ

it means that

j( ) {
( ) ( )

; } .x L n n
z

z x x
n

n=
−

→ =− −1
11 1 1Γ Γ

Difinition 4.4 We define the convolution of two func-
tions f g, 14

( )( ) ( )
( )

( )
( )

,f g t f t
g u
u t

du g t
f u
u t

du⊗ =
−∫ +

−∫
∞ ∞

0 0

provided that the integrals exist.

Lemma 4.5 (Convolution) Let f g L R, ( )∈ +1  and let the 

Stieltjes transform of f t
g u
u t

du( )
( )
−∫

∞

0  
and g t

f u
u t

du( )
( )
−∫

∞

0  
be absolutely convergent. Then there exists the Stieltjes 
transform of the convolution f g⊗  and it holds that

S f g S f S g( ) ( ) ( ).⊗ =

Proof. See 14.

Figure 3.2
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Example 4.6 Evaluate inverse Stieltjes transform of the 

function 1
s s a( )+

, for a R∈ − .

Solution. By using lemma 4.5 we have

S
s s a

s t S
s

S
s a

− − −

+
→ = ⊗

+
1 1 11 1 1{

( )
; } { } { },

on the other hand the Stieltjes transform is the second 
iterate of Laplace transform, so that

S
s t

S
s a

t a− −=
+

= −1 11 1 1{ } , { } ( ),
p

d

therefore, the final solution can be written in the form

S
s s a

s t t a
u u t

du

t
u a
u t

du

−
∞

∞

+
→ = −

−∫

+ −
−∫

1

0

0

1 1

1

{
( )

; } ( )
( )

( )
( )

.

d
p

p
d

By a change of variables u x2 =  in the first integral we 
have

S
s s a

s t t a
t t a t

−

+
→ = − − +

−
1 1 1{

( )
; } ( )

( )
.d

p

Definition 4.7 The generalized Post-Widder transform 
is defined as

 
P f x x s

xf x
x s

dxr r{ ( ); }
( )

( )
. ( . )→ =

+∫
∞

2 2
0

4 3
 (4.3)

In the special case r = 1 the transform in (5.3) reduces 
to the Post-Widder transform

 
P f x x s

xf x
x s

dx{ ( ); }
( )

. ( . )→ =
+∫

∞

2 2
0

4 4
 (4.4)

Example 4.8 Evaluate Post Widder transform of the 
function x x .

Solution. By definition we have

P x x x s x
x s

dx{ ; }
( )

,→ =
+∫

∞
5
2

2 2
0

By a change of variables x
s

u=  we have

P x x x s s u
u

du{ ; }
( )

,→ =
+∫

∞3
2

5
2

2
0 1

it can be considered as Mellin transform of the function 
−

+
u

u( )2 1
M u

u
u p{

( )
; }−

+
→ =2 1

5
2

.

Let us define the function f u u( ) arc cot=  then it is 

clear that P x x s M uf u u p{ } { ( ); }= − ′ → =
3
2 5

2
 which is 

5
2

5
2

3
2s M u u p{arc cot ; }→ = ,therefore the final result is

P x x x s s{ ; } .→ = p
2

2
3
2

Lemma 4.9 The inverse of generalized Post-Widder 
transform is as following

f x P F s s x x
i

s F x s ds( ) { ( ); } ( ) ( ) .= → = − + ′∫− −
r

r
r

p
1

2
1 21

Γ


 (4.5)

Proof. By definition we have

 
E s P f x x s

xf x
x s

dx( , ) { ( ); }
( )

( )
,r r r= → =

+∫
∞

2 2
0  (4.6)

by a change of variables x u s w2 2= =,  the above equation 
can be rewritten in the form

 
F w

f u
u w

du( , )
( )

( )
,r r=

+∫
∞

20  (4.7)

this is a generalized Stieltjes transform which inverse is 

 

1
2 2

1 1f u u
i

w F uw dw( ) ( ) ( ) ,= − + ′∫ −
r

r

p Γ


 (4.8)

where Γ is a closed contour containing origin. Now sub-
stitute x u s w2 2= =,  to obtain

 

f x P F s s x

x
i

s s F x s ds

( ) { ( ); }

( ) ( ) .

= →

= − + ′∫

−

−

r

r
r

p

1

2
2 1 2 22 1

Γ


 (4.9)

For the special case r = 1the inverse of Post-Widder 
transform is in the form

P F s s x x
i

sF x s ds− → = − ′∫1
2

2 22{ ( ); } ( ) .
p Γ


Corollary 4.10 The following relationship holds true

f x P F s s x
i

F xe F xei i( ) { ( ); } ( ) ( ) .= → = −{ }− −1 1
p

p p
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Proof. By using lemma 4.9 we have

P F s s x x
i

sF x s ds− → = − ′∫1
2

2 22{ ( ); } ( ) ,
p Γ


it suffices to make a change of variables F x s u( )2 2 = to get

P F s s x
i

d F x s− → = − ∫1 2 21{ ( ); } ( ( )).
p Γ


where Г is a contour containing origin that could be 
 chosen, for instance, to be unit circle. 

Note that it is not really a closed contour because F s( ) 
has a branch cut along the negative real axis (see 12).

Therefore, we have the result as follows 

P F s s x
i

F x e F x ei i− −→ = −{ }1 2 21{ ( ); } ( ) ( ) .
p

p p

Lemma 4.11 Let us assume that S f x x s F s{ ( ); } ( )→ = , 
then we have the following relationship

 
f x

i
F xe F xei i( ) ( ) ( ) .= −{ }−1

2p
p p

 (4.10)

Proof. By definition we know that

S F s s x s
i

F sw dw
C

− → = − ′∫1

2
{ ( ); } ( ) ,

p

by a change of variables F sw( ) = h , the following equation 
will be in the form

 
S F s s x

i
d

C

− → = − ∫1 1
2

{ ( ); } ,
p

h
 (4.11)

where C is a contour containing origin that has a branch 
cut along the negative real axis. 

Therefore we have the result as follows 

S F s s x
i

F xe F xei i− −→ = −{ }1 1
2

{ ( ); } ( ) ( ) .
p

p p

Lemma 4.12 The following relationship holds true

P bei x
x

x

I I J

( ( )) ;

( ) ( ) ( ) .

2

4
2 2 2

2

0 0 0

→








= + 

l

p
l

l l l

Proof. Define the function

 
I

bei x bei x
x

dx( , )
( ) ( )

,h m
h m

l
=

+∫
∞ 2 2

2 2
0  (4.12)

now by taking two dimensional Laplace transform with 
respect to h m,  we have

 

L I p q

pq

x
p

x
q

x
dx

pq

x
p

x
q

2

2 2
0

1

1
2

{ ( , ); , }

cos cos

cos( )

h m h m

l

→ →

=
+∫

=
− +

∞

ccos( )
.

x
p

x
q

x
dx

+

+∫
∞

2 2
0 l  (4.13)

On the other hand by using the following integral 
relationship

cos ,mx
x

dx e m
2 2

0 2+∫ =
∞

−

l
p
l

l

and substituting in (4.13) we obtain

L I e
pq q

p

2 2
{ ( , )} cosh .h m p

l
l

l

=
−

By taking inverse two dimensional Laplace transform 
we can write

I L e
pq q

i
e

p

p

p

c i

c i

( , ) coshh m p
l

l

p
l p

l

l

=
















= ×

−

−

−

− ∞

+ ∞

2
1

2

2
1

2 ∫∫ ∫















− ∞

+ ∞1
2p

l
m h

i
q

q
e dq e dpq

c i

c i
p

cosh
,

’

’

from table of inverse Laplace transforms we get ( see 15 )

= + 
p
l

lh lm lm
4

2 2 20 0 0I I J( ) ( ) ( ) ,

now it suffices to let h m= = 1 to get the desired relation-
ship as below

P bei x
x

x bei x
x

dx

I I

( ( )) ; ( ( ))

( ) (

2 2

4
2 2

2 2

2 2
0

0 0

→








=
+∫

=

∞
l

l
p
l

l l )) ( ) .+ J0 2 l

Lemma 4.13 (Convolution for Post-Widder trans-
form) Let f g L R, ( )∈ +1  and let the Stieltjes transform of 

f t
g u

u t
du( )

( )
( )−∫

∞

0  
and

 
g t

f u
u t

du( )
( )

( )−∫
∞

0  
be absolutely 
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convergent. Then there exists the Post-Widder transform 
of the convolution f g⊗  and it holds that

P f t g t P f P g{ ( ) ( )} ( ) ( ).⊗ = 2

Proof. By definition we know that

 
P f t

tf t
t s

dt S f u u s{ ( )} {
( )

} { ( ); }, ( . )=
+∫ = →

∞

2 2
0

21
2

4 14
 (4.14)

(making a change of variables t u2 = ). So it can be fol-
lowed that

P f t g t S f u g u u s{ ( ) ( )} { ( ) ( ); },⊗ = ⊗ →1
2

2

now from lemma 4.4 we get the following relation

P f t g t S f u u s S g u u s{ ( ) ( )} { ( ); } { ( ); },⊗ = → →1
2

2 2

again from (4.14) we obtain

P f t g t P f t t s P g t t s

P f P g

{ ( ) ( )} { ( ); } { ( ); }

( ) ( ).

⊗ = →( ) →( )
=

1
2

2 2

2

Example 4.14 Evaluate the inverse Post Widder trans-

form of the function H s s s
s a

( ) =
+

.

Solution. By using lemma 4.13, let us consider two 

functions F s s s G s
s a

( ) , ( )= =
+
1 , then we have

P H s s x P F s P G s− − −→ = ⊗1 1 1{ ( ); } { ( )} { ( )},

but performing  some manipulations we obtain

P F s x x P G s x
x a

− −= =
+

1 1
2 2

2 2{ ( )} , { ( )} ,
p p

therefore from lemma 4.13 we get the following relation-
ship

P H s s x x du
u a u x

x a
u

u x
du

−
∞

∞

→ =
+ −∫

+
+ −∫

1

1
4

2 2
0

1
4

0

2
2

2
2

{ ( ); }
( )( )

( ) ( )

p

,,

accordingly, the final result is obtained as

P H s s x x
x
a

x a
x

x a
− → = −

+
−

+
1

1
4

2

2

2

5
42

2
{ ( ); }

log( )

( )
.

p
p

5. Main Result
In this section, we implement joint Laplace – Fourier sine 
transform for solving certain fractional wave equation for 
vibration of a wire of finite length.

Problem 5.1 Consider the following fractional PDE 
which describes the vibrations of a wire of length b with 
both ends fixed which at point x b= has been moved up 
for e  and released 

 

∂
∂

= ∂
∂

≤ ≤
2

2
2

2

2 0 1 5 1
a u

t
c u

xα α, , ( . )
 (5.1)

with boundary and initial conditions

 

u t u L t
u x

u x

x
b

x b

x L
b L

b x L

t

( , ) ( , ) ,
( , ) ,

( , )
;

( ) ;

0 0
0 0

0
0

= =
=

=
< <

−
−

< <

e

e






( . )5 2

 (5.2)

Solution. Taking finite Fourier sine transform of (5.1) 
we have

∂
∂∫ = ∂

∂∫
2

2
0

2
2

2
0

a

a

p pu
t

n x
L

dx c u
x

n x
L

dx
L L

sin sin ,

now by integrating by parts we get

F u
x

u
x

n x
L

dx n
L

F u x ts x

L

s x, ,{ } sin ( ) { ( , )}.∂
∂

= ∂
∂∫ = −

2

2

2

2
0

2p p

Substituting in (5.1) one will obtain the following rela-
tionship

∂
∂

+ =
2

2

2 2 2

2 0
α

αt
U n t c n

L
U n t( , ) ( , ) ,p

in which U n t F u x ts x( , ) { ( , )},= . Now take Laplace trans-
form of the above equation with respect to t

s U n s L
n b L b

n b
L

c n
L

U n s2
3

2 2

2 2 2

2 0α ( , )
( )

sin ( , ) ,−
−

+ =e
p

p p

in which U n s L U n t t s( , ) { ( , ); }= → . Therefore
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U n s L
n b L b

n b
L s c n

L

( , )
( )

sin ,=
− +

















e
p

p
p

3

2 2
2

2 2 2

2

1
α

by using Schouten-Vanderpol theorem we have

L
s c n

L

s t

i
e

e c n
L

t

i

−

−
∞

+
→

=
+

∫ −

1

2
2 2 2

2

2 2
2 2 2

2
0 2

1

1
2

1 1

{ ; }

{

α

α α α

p

p h p h

h

p ee c n
L

d
i− +2

2 2 2

2
αp p

h} ,

hence, the solution is as follows

u x t
L i

n x
L

e
e c n

L
j

t

i
( , ) sin= ∑

+










∫

−

=

∞
−

∞1 1

1

1 2 2
2 2 2

2
0p

p

h p

h

h

pα α

22 2
2 2 2

2
α αe c n

L

d
i− +










p p
h .

6. Conclusion
The paper is devoted to study applications of one and two 
dimensional Laplace, finite Fourier, sine transform, gener-
alized Stieltjes and Post-Widder transforms in details and 
their applications. Integral transforms provides a power-
ful method for analyzing linear systems. The authors also 
discussed Mathieu series-and introduced new integral 
representations for the above mentioned series.
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