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Abstract
For learning the mathematical concepts need to have special skills. Reasoning is skill that uses to teach and learn.
These reasoning must have harmony to real life. Analogical reasoning is reasoning skill that made to better learning in
mathematical context. In this research, analogical reasoning skills have been instructed on 20 students of first grade in
girly high school and the results of the Leven and independent samples tests have shown that instruction through
analogical reasoning improves the mathematical learning. Therefore it seems that instruction of mathematical concepts
through analogical reasoning modify the misconceptions and difficult of mathematical problems for students.
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Introduction

Students find mathematical concepts and principles to
abstract to comprehend. One of the methods that
teachers apply to assist students with building conceptual
knowledge is to use analogies. Richland et al (2004)
point out that mathematics and distant (non-math)
analogies drawn from non-mathematics contents are
generated by teachers or educators routinely. When we
use non-math analogies in mathematics classes or
textbook, we observe in students a lowered level of math
anxiety, deeper understanding of concepts being taught,
deeper understanding of what we are doing when doing
math, better memorization of the skills taught, and ease in
building connections between different strands of
mathematics (Sarina & Namukasa, 2010). Mathematics
textbooks proved to be the scary source of analogies or
non-math examples. Many textbooks, despite their
inclusion of real life contexts and pictures, shy away from
employing non-math contexts, especially analogies, as an
explanation tool when handling more abstract or
advanced topics. We have found only few analogies that
are prominently presented in textbooks. For example, the
Function is compared to a machine that has input and
output slots (Sarina & Namukasa, 2010).

Mathematics is an excellent source of anecdotal
evidence of specific math concepts that students find
hard to comprehend and the strategies they can use to
facilitate their comprehension. Whatever is important in
mathematical context, is the students' reasoning ability
along analogy. The reasoning ability or mathematical
thinking is defined as "a dynamics process which, by
enabling us to increase the complexity of ideas we can
handle, expands our understanding" (Mason et a/., 1991).
While Schoenfeld (1992) has defined it as the
development of a mathematical point of view- valuing the
process of mathematization and abstraction and having
the predilection to apply them; and the development of
competence with tools of the trade, and using those tools
in the service of the goal of understanding structure
(Zaman et al,, 2011). Reasoning ability can help students
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to understand and evaluate scientific and technological
society. Because, reasoning is highly effective for
students’ ability to analyze new situations, which are
faced in all aspects; make logical assumptions, explain
their thoughts, reach conclusions and defense their
conclusions.

Reasoning is defined as the act of using reason to
derive a conclusion from certain premises. Reasoning
styles or their components may be arising from students
learning styles. Identifying relationship with the learning
and reasoning styles of students can provide educators
with valuable information in designing their curriculum.
According to Hawk and Shah (2007), adult students learn
in different ways, faculty in higher education would have a
responsibility to expand their repertoire of learning
activities to embrace as wide a field of adult student
learning styles as possible in order to achieve more
effective learning (Arslan et a/, 2009). There is no
general agreement between the researchers in the field
about the nature of analogy. Michalski (1986 & 1989)
considers analogy as a two steps process with the first
step being induction and the second one-deduction.

On the contrary, Holyoak and his collaborators
(Holland et al., 1986) consider the induction step as a
consequence of a successful analogy. A widespread (and
broadly accepted) definition of analogy is that it is a
mapping between elements of a source domain and a
target domain. Gentner (1989) states that "analogy is a
mapping of knowledge from one domain (the base) into
another (the target), which conveys that a system of
relations that hold among the base objects also holds
among the target objects. Thus, an analogy is a way of
focusing on relational commonalities independently of the
objects in which those relations are embedded. People
prefer to map connected systems of relations governed
by higher-order relations with inferential import, rather
than isolated predicates". Holland ef al. (1986) consider
analogy as a second-order quasi-homomorphism where
the model of one real domain is considered as a model of
another domain. The aim of this research is to state the
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Fig. 1. Categories of reasoning
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kinds of reasoning and explain the analogical reasoning
along examples in mathematics instruction exactly.
The kinds of reasoning categories

Most students can remember at least one occasion
when they failed to solve a problem at their first attempt at
it, but succeeded, and without great difficulties at that, if
they had a second chance later. Moreover, students also
happen to be unable to solve for a second time a problem
they have successfully solved before. It is also quite
common for students to find various solutions of the same
problem in various occasions. As a rule, this variability
and flexibility of human problem solving behavior is
ignored by models of thinking, reasoning and problem
solving generally. Whatever clears, is that there are
general three reasoning in problem solving moment (see
Fig.1). In this section, researchers have tried to introduce
three reasoning in particular analogical reasoning.
Inductive reasoning

Through the inductive process of reasoning,
understanding is derived from consideration of
observable characteristics. One is able to generalize from
facts acquired through observation. Inductive reasoning is
one of the important characteristics of human intelligence:
inductive reasoning as one of the seven primary mental
abilities that are accounted for intelligent behaviors.
Merriam-Webster on-line dictionary defined induction as
an "inference of a generalized conclusion from particular
instances". Pellegrino and Glaser (1982) noted that the
induction reasoning ability can be extracted in most
aptitude and intelligent tests and is the best predictor for
academic performance. Harverty et al (2000) cited
several other researches that viewed inductive reasoning
as a significant factor for problem solving, concept
learning, mathematic learning, and development of
expertise, and Heller (2001) showed that inductive
reasoning is necessary ability for extracting the
knowledge of problem solving in physics. The term
induction is derived from the Latin rendering of Aristotle’s
epagoge that is the process for moving to a
generalization from its specific instances.

Bransford (2000) pointed out that generalizations
aimed at increasing transferability (ability to apply to a
different context) can result in (mathematical) models, or
global hypothesis in terms of Harverty et al (2000).
These can be later applied to a variety of contexts in an
efficient manner. Zhu and Simon (1987) pointed out that
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the learners have to induce how and when to apply the
problem solving method in worked-out examples. In
reality, the learners also need to induce where to apply
with a contextual awareness. The induction here requires
the learners to (1) recognize the similarities and
differences of the parameters in the current and the
experienced contexts, (2) recognize and match pattern of
current context to the experienced context(s), and/or (3)
recognize/create the hypothesis/method that can be
applied to solve the problem, (2) recognize and match
pattern of current context to the experienced context(s),
and/or (3) recognize/create the hypothesis/method that
can be applied to solve the problem (Moreno et al., 2007).
First we have indicated how students explain
inductive reasoning from non-mathematical example. For
instance, teachers stated a short story for students in
classroom; a person enters to unknown village. He
observed a person from that village who has blue eyes.
When he enters to teashop, he saw that all people have
blue eyes at there. What do you think? All students stated
that we concluded that all people from that village have
blue eyes. Therefore all students stated self-inductive
reasoning. This reasoning is general conclusion base on
limited set of observations. Now we will prove the
following problem through inductive reasoning:
Problem 1. Prove for any n 2 0 that

1 1 1 1
E+2—2+"'+;=1—§ (1)

Proof: If n-1 then;
1 1 1

S=i=1-% @

We see that equality (1) is to correct in this case.
If n- 2 then

Seg=iio ®
This shows that the equality (1) is to correct again. We

can attain to this equality through the addition of the
equality (2) and 2—12:

1 1 3 1
(-3 +z=m=1-% @
The continuance of this study is not practical for all
numbers then what do we work? We study n-3 using
attained results for first two sentences:

1 1 1 1 1 7 1
Gte)ta=(-w)ts=-5=1-% ()
We concluded the accuracy of relation for n_3. Now if we
supposed the accuracy of relation for n= k generally, that
is

1 1 1 1 1
Sttt et =1-

- (6)

And if we concluded the accuracy of above relation for
n= %k + 1 through this assumption, then we can acclaim
that the equality (1) is corrective in any cases.
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1 1 1 1 1 1
Grar st tR)tea=1-gm (7)

In first party of the equality (7), we replace its equivalent;
(1 - 21;) from equality (1) stead the value of parenthesis:

1 1
L-2)*+m= ®)
=1- g+ (2) ©)
1
=1—F (10)

Through accuracy of relation in n= k, its accuracy is
proved in n=k + 1 also. This example indicated that could
prove difficult mathematical problems and started via
small instances until we generalized in general case.
Deductive reasoning

Deductive reasoning is a broad term covering the
encoding and combination of statements using logical
connectives, transitive inference or syllogistic reasoning
and propositional reasoning. Deductive reasoning
involves the process of logically deriving facts, outcomes
or consequences, from ideas or theories based on the
formal truth relationships between premises without
regard for the empirical or practical truth-value of the
premises. Effective reasoning requires the ability to
develop arguments and assess their validity to generate
and test hypotheses, to judge the plausibility of
assertions, to identify possible courses of action, and to
think through the consequences of choosing a particular
course (Watters & English, 1995).

Deductive reasoning plays an important role in
scientific explanation and prediction. Given general
causal laws and statements, describing initial condition
deductive reasoning can be viewed as a specific domain
of knowledge. Deductive reasoning can help students to
recognize cognitive conflict and to resolve it (Park & Han,
2002). To define the functional unity of any deductive
construction, Duval and Egret (1989) uses the term "Arc
Transitive of Substitution" (A.T.S.) which corresponds
either to a minimal length demonstration, or to a step in a
demonstration constituted by a continuation of recurring
substitution.

According to Duval and Egret (1989) two aspects of
deductive reasoning are, the number of conditions to be
taken into account to apply correctly a rule of substitution
and the ternary structure-not binary-of the A.T.S.; the
basic unity of any deductive construction contains three
statements (given statement, rule of substitution, new
statement), each having a different status (Arslan et al.,
2009). When we use the deductive reasoning, we will
sure that the result is corrective always. Deductive
reasoning is conclusion method via using facts which we
have accepted its accuracy. We used mathematical
instance here.

Problem 2. Suppose that we add the two odd numbers.
Prove why its addition is an even number always.
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Solve: suppose that (2m + 1) and (2n + 1) are odd
numbers that m and n are natural numbers. Then its
addition is following as;

@n+1)+(@2m+1)=2m+2n+2=2(m+n+1) (11)

Because, 2 is coefficient in this addition, we conclude that
addition of two odd numbers is an even number always.
In fact we proved that addition of two odd numbers is
even number always for numbers which we have not
added! As it is shown, we used of deductive reasoning
when we informed of accuracy of pervious facts.
Analogical reasoning

Students find some concepts too abstract to solve.
One of the strategies used to assist students with building
conceptual knowledge is to use analogies. It is generally
agreed that students' analogical reasoning increases
significantly over the first few years of elementary school
(Siegler & Svetina, 2002). Students learn more about the
world they are then able to use that increasing domain
knowledge to reason about the relationships between
items (Cheshire et al., 2000). Analogy allows students to
apply commonalities between mathematical relations to
help grasp new problems or concept through contributing
to integral components of mathematical proficiency.
Learning via analogy usually involves finding a set of
systematic correspondences (a mapping) between a
better-known source analog and a more novel target.

The source and the target can be within a single
domain (e.g., solving inequalities is like solving
equations) or across domains (e.g., balancing equations
is like balancing a scale). Mathematical reasoning
involves understanding abstract relations (such as
equality, proportion, and integral) that can appear in
different contents. Such abstract relations may be best
taught by creating parallels between similar examples.
Mathematics teachers have introduced analogy-based
instruction in their classrooms commonly in the United
States since many years ago. In this method, students
are encouraged to solve problems even difficult problems
(Richland et al., 2007).

A number of investigators have discussed the
important role of analogical reasoning in science
(Dreistadt, 1968) and education (Brown et a/, 1978). It
has been argued that analogies can play an important
role in the creation of new theoretical hypotheses in
science. In education, analogical reasoning may be
important in the learning of such models and in the
transfer of learned knowledge to new, unfamiliar
situations. Previous investigations have also related
analogical reasoning to problem solving (Polya, 1954),
measures of intelligence (Sternberg, 1977), and the
development of concepts (Clement, 1988). In analogical
reasoning, we must consider to following items;

« Attempts to find cases that are alike to but different
from the original or goal problem status;

¢ In regard to these attempts whether or not they yielded
an answer to the problem finally;
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% Creating relation between trivial and non-trivial cases
in analogical instance;

% Separating analogy generation from other problem-
solving steps such as generating extreme cases,
breaking a solution or thinking methods into
independent parts, and analyzing the problem in terms
of a theoretical principle.

Table 1. Analogies for basic algebra concepits

Mathematical concepts Analogy

Undressing a person vs.

Solving equations Dressing a person

Peeling an onion one layer at

Isolating a variabl g :
so g avariable a time or shacking corn

Sorting out the mix fruits into

Collecting like terms separate piles

Passing out papers from a
stack to each student in a
class

Distributive property

Substituting numbers for | Putting a thing in the place of
the variables another thing.

Sarina and Namukasa (2010) have introduced many
analogies for better learning in mathematics and students
used of analogical reasoning for self-learning. The above
Table is a collection of some of analogies most frequently
used to explain basic algebra concepts;

Analogies such as "equations are like a balanced

scale" are structural; they highlight various similarities:
two sides of a scale, state of balancing, actions that keep
the scale balancing; respectively for two sides of
equation-equivalence, equivalent actions. Thinking of
division as fitting things into a container is a visual
analogy. Explaining multiplication in terms of directed
movements on a number line combines a math and non-
math analogy. Some analogies such as "to isolate terms
is like what you do to turn a complicated sentence into a
simpler one" are propositional (Aubusson et al., 2006)
and literal; they involve a few surface similarities (Lee,
2007). Analogical reasoning creates when specific,
structural correspondences between objects and relations
in the source and target are used to adapt the solution
process learned for the source into an analogous
procedure for solving the target. Here we have tried that
introduced mathematical examples which indicate the
analogical reasoning via students.
Problem 3. The teacher asks student that measured the
school building height thereby ruler only. This problem is
difficult for student. The student thinks that exist a
solution for this problem. At noon, when he is walking, he
is noticed that shadow length of building is very short so
that could measure via ruler rather others times.
Immediately he measures the shadow length of building
and then measures the self-shadow in standup case via
ruler. Then he considered the self-shadow with self-
stature and also building along its shadow as sides of two
right triangles (see Fig.2).
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Fig. 2. An example of analogical reasoning
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But was sufficient the information for identify of the school
building height? Student ordered the self-information in
Fig.3. Then he separated B'C with quantity of MP on the
BC side and he perpendicular A'B' to BC also. Because
two A'B' and AB lines are perpendicular to BC then are

parallel therefore at respect of Thales theorem;
AB _ BC _ AC
AfBr BIC AIC

\ K
200 om

(12)

Fig.3. An example of analogical reasoning-mathematical

description
A N
. A
Building 2 N
Height AN R
B' 40 cm AN N
S
B 200 cm
“ J
~

Shadow length of building

Stu.dem 170
height

40 cm

Shadow length of student

The student used of congruent triangles; A A'B'C' and
A NMP then gets to (A’B’ = NM) and replaces in (12):

AB _ BC
NV MP (13)
or
AB 200 14
170~ 40 14
Then
B 170x 200 15
=0 (15)
Building height = AB = 850 cm
S.A-Mofidi et al.
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In Fig.3, 2C is common in two angles; A ABC and
A A'B'C' and «B and «B' are equal and right. Then £A,
¢A' are equal too. Also two angles; A ABC and A NMP
are congruent triangles therefore angles of two respected
triangles are equal too. On the other hands (MN = A’B’),
(MP = B'C) and (NP = A’C), then the relation (12) is:

AB BC AC
w ~wr e (1)

That is sides of two respected triangles are
proportionate. Then two triangles are analogous. Whole
above steps is implemented and solve via the
conversation between teacher and student. In fact
student could attain to geometrical principle alone. First
teacher created a challenge until student solved the
problem. Teacher used of analogy for this problem and
student applied self-reasoning for the analogy. Instances
of analogies existed that we can use in mathematical
context until students applied these analogies and
reasoned. Here we stated the other mathematical
example.

Problem 4: Find the root of 2X + 7 =10.

Solve: Many students of first grade of middle schools and
high schools face to mistake in solving this problem. It is
possible that they found the several values for X. In fact
they have not noticed how solved this problem exactly.
We can use of analogical instance until they reasoned of
this analogical instance and generalized this reasoning
for other same instances. The teacher used of this
analogical instance:

Suppose a swimmer wants to pool. Certainly he has
dressed until come to pool. He must disrobe then he will
be able to dive. The line between rime of pool and floor is
bound or mark. Backside of the bound or mark, he has
dressed but when he dived to the pool (for side of the
bound or mark), he must disrobe because if he was dived
to pool with dress then his dress will sodden!

In this problem, the sign of (=) is as backside and for
side of the pool's bound or mark. Ever numbers as
swimmer that must transfer to the other side of (=), must
change its sign (must disrobe its dress). That is, if number
was positive, its sign will be negative when transferred to
the other side of (=) vice versa. Therefore students used
of this analogical reasoning for the other same problems

Fig. 4. The comparison between marks of control
and experiment groups

7.31 b = ’ " Posttest.Experiment

Pretest.Experiment

Posttest.Control

MEANS

Pretest.Control

MARKS
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and could find corrective answer.
Research hypothesis

Instruction through analogical reasoning will improve
the mathematical learning.
Method and collecting data

Researchers have used of quasi-experimental method
for this research. In this method, researchers have
selected two groups as control and experiment groups
randomly. For studying, it is applied the usual instruction
method for control group and researchers have used of
the analogical reasoning method for mathematical
instruction at first grade of high school. Analogical
reasoning is applied for mathematics textbook in
equations, geometry and elementary algebra. First it is
implemented the pretests in two groups and it is cleared
that control group's level is same experiment group. Then
the analogical reasoning is applied in experiment group.
Finally posttests are performed via researchers in both
groups with same conditions.
Participants

In this study, one girly high school is selected in Karaj
city (Alborz province) as the statistical society. In this high
school, two first grades are selected as participants (38
students). In present research, 18 students and 20
students have participated in control and experiment
groups respectively.

Table 2. Data of participants’ marks in pretests and posttests of
control and experiment groups

Pretest. Posttest. Pretest. Posttest.

Control Control Experiment | Experiment
N 18 18 20 20
Mean 4.81 5.76 43 7.31
Mode 4.50 5 4 8
Variance 2.77 2.04 1.99 2.26

Research instrument

Two math exams are used for this research as
pretests and posttests. These exams have 10 questions
with 10 general marks. Its questions have two sections;
numerical and word problems. In pretests, questions are
designed so that evaluated the knowledge of students at
pervious grades of school. For posttests, questions of
exams evaluated the mathematical skills of students that
were attained of analogical reasoning examples which
designed via researchers. These exams have studied via
specialist of mathematics and content reliability is
emphasized and also validity of these exams is proved
through Cronbakh's alpha; 0.89.

Table 3. The results of one-sample kolmogorov-smirnov test

“Instruction of mathematical concepts”
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Pretest. | Posttest. Pretest. Posttest.
Control | Control | Experiment | Experiment
Kolmogorov- 55 0.39 0.56 0.78
smirnov z
Sig.
(2-tailed) 0.91 0.99 0.91 0.56
S.A-Mofidi et al.
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Table 4. The results of independent samples test for pretests

Levene's test
for equality of T-test for equality of means
Pretests variances
. 95% confidence interval of the
. Sig. Mean Std. Error .
F Sig. T Df (2-tailed) difference difference difference
Lower Upper

Equal variances
assumed 0.69 0.4 1.04 36 0.3 0.51 0.49 -0.49 1.53
Equal variances not 103 | 33 0.31 0.51 0.5 -0.50 1.54
assumed

Table 5. The results of independent samples test for posttests

Levene's test
for equality of T-test for equality of means
b variances
osttests ! .
. 95% confidence interval of the
. Sig. Mean Std. Error .
F Sig. T Df (2-tailed) difference difference difference
Lower Upper

Equal  variances | 5 | gg | 32 | 36 | 0.003 -1.54 0.47 -2.51 -0.58
assumed
Equal variances not 32 | 35 | 0.002 -1.54 0.47 -2.51 -0.58
assumed
Findings

For study of the research hypothesis, it is used of
descriptive and deductive statistic. In descriptive statistic,
mean, mode and variances are estimated. For deductive
statistic, researchers have applied One-Sample
Kolmogorov-Smirnov  test, Levene's Test and
Independent Samples Test in 95% confidence interval. In
Table 2, the highest mean and mode is related to posttest
of experiment group (Mean= 7.31, Mode= 8) rather the
control group. Also the means of the control and
experiment groups are same in pretests. For using the
proper tests, researchers have used of One-Sample
Kolmogorov-Smirnov test. The results of this test have
indicated that data is normal (P>0.05) in Table 3. As it
clears in Table 4, variances of pretests' marks are same
and equal (F= 0.69, P>0.05). Also the results of
independent samples have indicated that there is not
significant difference between marks' means of control
and experiment's pretests (T=1.04, P>0.05). Therefore it
obvious that knowledge level of students was same in two
groups. In Table 5, variances of posttests' marks are
same and equal (F= 0.2, P>0.05). In addition the results
of independent samples have shown that there is
significant difference between marks' means of control
and experiment's posttests (T=-3.2, P<0.05). Then it
clears that instruction through analogical reasoning have
improved the mathematical learning.

Conclusion

Learning with understanding also makes subsequent
learning easier. Mathematics makes more sense and is
easier to remember and to apply when students connect
new knowledge to existing knowledge in meaningful
ways. Analogies reasoning skills help students connect
new mathematical knowledge to their existing experiential

knowledge and thus facilitate understanding and
memorization of mathematical concepts. Analogies
reasoning make math a friendlier subject and less
detached from students’ experiential base. Everyday logic
and out-of-school experiences start playing an active role
in students’ mathematical reasoning. In this research, it
has shown kinds of the reasoning in mathematical via
examples in particular analogical reasoning. Researchers
were applied this reasoning for mathematical learning.
The results have indicated that this reasoning have
effected; 1) this reasoning improved the creativity in
students, 2) abstract mathematical concepts related to
real life of students, 3) using analogical examples
developed the reasoning ability and motivation in problem
solving moment, 4) through primary mathematical
analogical examples, students could introduce and
provide the others analogical reasoning and examples,
and 5) analogical reasoning made to deep learning and
remembering the mathematical concepts for long-term.
Therefore researchers introduced these suggestions
for next researches; |) try to introduce analogical
examples and develop this reasoning for whole
mathematical textbooks, IlI) select the analogical
examples exactly and correctly because it is possible that
students reasoned incorrectly and made to misconception
for them. This study has limitation. Analogical reasoning
is performed via traditional instruments.
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